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ANALYTICAL PROPERTIES OF SOLUTIONS TO A SYSTEM
OF NONLINEAR PARTIAL DIFFERENTIAL EQUATIONS

B. Fuchssteiner and V. V. Tsegel’nik

Certain analytical properties of self-similar solutions to a system of N partial differential equations, which 1s
the generalized Liouville equation, are investigated.

1. We investigate the analytical properties of the solutions to the following autonomous ordinary differ-
ential equation system

(vo-v5') =,
(Wi vt) =2 21,
(vk 'yk_l)l = Yk+1 — 2Yk T Yk—1, k=2,N-2,
(yn-1- yﬁl_l)’ = —2yn_1 t YN-2, (1)

which is the self-similar reduction of the partial differential equation system [1,2]

((wo)t - wg ); = wy,
((w1); - wl_l); = wy — 2w,
((wk)t : w[l); = Wgg1 — 2Wk + Wk-1, k=2 N -2,
(wn=1); - w;vl_l); = —2wn-1 + WN=-2 (2)

if wi(z,t) =exp(—2)u(z), expz =7, T=1t, where y; = %, [=0,N-1.
This system (2) is the generalized Liouville equation

Wgp = €XP W (3)

with N = 2 or N = 3. Actually, if N = 2 and if wo = 3w, we obtain Eq. (3), where w; = expw. In the
case where N = 3 and wy = w, the second and third equations of system (2) can also be considered as
Eq. (3) (up to the scaling of = and t).

Equation (3) often appears in different branches of mathematics and physics. For example, it was shown
in [3] that a number of nonlinear models can be described by one nonlinear equation, (3): the gravitation
theory with a constant scalar, the Born-Infeld massless field, and the relativistic string. It was established
in [4. 5] that the description of stationary plasma configuration topology in cross-compatible fields can also
be reduced to the investigation of solutions to Eq. (3). Various properties of the solutions to Eq. (3) are
described in detail in a number of papers by different authors. For instance, it was shown in [6] that Eq. (3)
can be integrated by inverse scattering problem methods. It was proved in (7] that certain completely
integrable dynamic systems, which describe nontrivially interacting relativistic particles, correspond to the
singular solutions of Eq. (3). Finally, it was proved in [8] that Eq. (3) possesses the Painleve property,
which leads to the general solution formula for Eq. (3), presented first in [9)].
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2. Differential equation system (1) is a P-type system, if N = 2 and yo = 3y, because it can be reduced
to the equation

vyl -’ =93, (4)
which is the Painleve III equation [10]
yy” = y'* + expz(ay® + By) + exp 22(vy* + 6); (P3)
if y = exp(—2)y1, @« = 1, f = = = 0. Equation (4) implies

(Wiur")’ =25 + K, (5)

where K is a constant of integration. Equation (5) is integrated by elementary functions. In particular, if

—\ -2 ~
K =0, its solution is y; = (—z/\/i + C) , where C is an arbitrary constant. Thus, the functions

yo=3(-2/V2+C)7%,  yi=(-2z/V2+0)7* (6)

are the solutions of system (1) if N = 2.
If N =3 and y» = y1, system (1) is reduced to

o v =w,  @W-yh) =-u. (7)

The second equation is (P3) if y = exp(—2)y1, a=-1,and f=v=6=0.
The first integral of system (5) is
vorvot +ur-yi =0, (8)

where C; is an arbitrary constant. Equation (8) implies

yo = y; = -exp(Crz + C2), (9)

where C> is an arbitrary constant. }
The second equation of system (7) is a P-type equation, so (9) implies that system (7) is a P-type system.

3. In the general case, if N > 2, system (1) has the first integral
(Nlogyo)' + (N —1)logys)’ + -+ + (logyn-1)' = Cy, (10)
where C; is an arbitrary constant. it is easily derived from (10) that
log(yy -y yn_1) = Crz+ G

or
vo= (= -yl %y )Y exp ((Crz + Co)/N) (1)

where C, is an integration constant.
If N = 2(yo # 3y1), system (1) has the two-parameter set of solutions with poles

6 - k
Yo = G2 + 3,6’+kz_1ak(z - 20)",

= —g——2'+ﬁ+§_:ﬁk(z“zo)k» : (12)

(z — zg) Pt
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where 2o, (8 are arbitrary constants and parameters ax, Ok are uniquely defined by parameter 3. It should
be mentioned that if 3 = 0 in (12), then ax = Bx =0, k=1, 2, ... . Thus, we obtain the one-parameter
set of solutions of form (6).

Let us consider the following system of differential equations:

(v -v7Y) =2 — 2u1,
(e -ve?) = yhr1 — 20k + vom1,  k=2,N -2,

!

(Yh—1 Yno1) = —2yN-1+ UN-2, (13)
which is system (1) without the first equation. We shall use the approach based on the Kowalewskaya—
Painleve test presented in [11] (see review [12]) to prove the following.

Theorem. System (13) has a family of solutions with poles depeﬁding on N arbitrary constants.

Proof. Using the methods of [13], it is easy to show that the solutions of (13) with poles, under the
assumption of their existence, have the form

oo
aj bl j : l - TN 1
yl:t—2+—t_+ at(l-)-2tq 27 lzlvN—]-a t=2z— 20, (14)
g=2

where zg is an arbitrary parameter.
Substituting (14) into (13), we obtain the system of linear equations determining the coefficients a; # 0,
b (I=1,N-1):

—2a1 + ag = 2,
Ap—1 — 20k + k41 = 2, k=2 N-2,
—2any_1+aN-—2=2,

a1(bz — by) + 2b1(ag — a; — 2) =0, (15)
ak(bk+1 — 2by + bk—l) + Qbk(akﬂ —2a +ak—1 — 2) =0, k=2,N-2,
an-1(bny—2 — 2by-1) + 2by_1(an—2 —2an_1 — 2)=0. (16)

It is not difficult to verify that the numbers a; = —I(N —1) (I =1, N — 1) determine the unique solution
of system (15). Moreover, system (16) has a zero solution: by=by=---=bny_1=0.

We can find the coefficients afflz, (g=2,N,l =1,N — 1) from the N — 1 systems of linear homogeneous
equations

(s+2—2N)aly + (V- 1)al?, =0,
k(N = R)alk5D + s — 2k(N — K)o, + k(N - K)ol =0, &

q
(N - 1)ag§;2) +(s+2- 2N)a((ﬁ;1)

aN'—27

1
)

=2

=0, 3=q2—Q» q=2a (17)

Each system (17) has a nontrivial solution if det A = 0, where A is the tridiagonal matrix

al b12 0 Ce 0 0 0
C21 Q22 b23 Cen 0 0 0
A= .
0 0 0 ... cN-—2N-3 GN-2N-2 bON-2N-1
0 0 0 0 CN-1,N=-2 AN-1,N-1
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with the nonzero elements a;; = s — 2{(N — 1), i = I,N—1; bije1 =J(N=3), 5 = T,N —2; Cky1k =
(k+1)(N-k-1), k = I, N—2. Now, we shall show that det A = (s — a1)(s — az)...(s — an-1),
Qm = m(m+1), and m =1, N — 1. Adding theé first N — 2 lines to the last line of matrix A, we get the
following equality: det A = (s — 2) det A;, where A, is the matrix whose elements equal those of matrix A,
except for the elements of the last line. Each element in the last line of matrix A; is equal to 1.
Multiplying the first N — 3 lines of matrix A; by the numbers N — 2, N — 3, ..., 2, respectively, and
the last line by —2(N — 2) and adding it to the next to the last line, we obtain the following equality:
det A = (s — 2)(s — 6) det Ay, where A, is the matrix whose elements equal those of matrix A, except for

the elements of the next to the last line. The elements of this line are equal to N =2, N -3, ...,2,1,0,
respectively.

Multiplying the first N — 4 lines of matrix Az by A; = iﬁ:ﬂzﬂjl, Ay = Mlzii"_‘ﬁ’ very AN—g4 =3
A = X+N-=-3 X =X+N-4 .., Av—s = AN—s + 3, An—s = 3), respectively, and the

next to the last line by —3(N — 3) and adding it to the N — 3th line, we obtain the following equality:
det A = (s — 2)(s — 6)(s — 12) det A3, where A3z is the matrix whose elements equal those of Aj, except
for the elements of the third line from the last. Its elements are equal to Ai, A2, ..., An-4, 1, 0, 0,
respectively. Moreover, the elements of the last three lines of matrix Aj satisfy the following equalities:
ail = @igq1 + bizus1, 1=N-3,N-2,N-1; | = 1, N — 1. All the elements above the diagonal of the
matrix are zeroes.

Following the proposed method, we sequentially transform matrix As N — 4 times and get the equality:
detA=(s—2)(s—6)...[s= (N —=2)(N—-1)][s = (N =1)N] 1, where

1 0 0 0 ... 00 0 O
N-2 1 0 0 ... 00 0 O
A1 N-3 1 0 0 00O
1= . . . . AU
A1 A2 A3 A4 ... 3100
N-2 N-3 N-4 N-5 ... 3 21
1 1 1 1 .11 1 1
Q.E.D.
Each ¢2 —q — m(m + 1) = 0 equation, m = 1, N — 1, has only one positive root, g = m + 1. Thus,
equation det A = 0 has exactly N — 1 positive roots: g1 =2, g2 =3, ... ,qN-1 = N.
It is easy to see that rank A = N —2if ¢ = 2,3,..., N. This means that each line of coefficients of the
matrix N (N-1)
ag ag ceeoag
_ a(ll) a(lz) e agN_l)
ag\.lf)-z 0‘5\27)—2 K a%\/_;)
has one arbitrary coefficient. The other coefficients of the given line are uniquely defined by the value
of that arbitrary coefficient. If ¢ > N in expansion (14), then the coefficients aél_)z, aflz_)z, e afzv__zl

(= N +1,N+2,...) are uniquely defined by the elements of matrix B. Thus, every component y; of
expansion (14) depends on N arbitrary constants (taking into account that z is an arbitrary parameter).
Q.E.D.

It should be mentioned that if all the elements of matrix B are zeroes, then a(q[lz =0 (=1,N-1,

g=N+1,N+2,...) and thus we obtain the explicit one-parameter solution of system (13): yy = — (lz]_v;)l)_ ,
{=1,N-1.
Therefore, if N > 2, system (1) has the explicit solution
_ -3 =~ I(N-1)
= (—DV"YUN — I (5 = 2)(N=D) z __ Y=y
wo=[(~D¥ WV -1 (- )V Vexp ((Grz + E)/N), w EY:
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and the solution

(N1 yN 2 yn1) " exp ((512 + 52)/N) ,

IN-I) <« _ S
yl:-é—_'z;%+zagll2(z_zo)q 2? I=1,N-1
q=2

Yo

Moreover, each formal series in (18) defining y; depends on N arbitrary constants.
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