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Abstract: For the multi-soliton solutions of the KdV (Korteweg-de Vries equation) a
map from the action variables to the angle variables is constructed. The analysis pre-
sented here is valid for nonlinear evolution equations admitting a recursion operator
as well as a Lax operator. The method is based on the nonlinear link between the
eigenvectors of these two operators. Since the action-angle map is recognized to be an
infinitesimal symmetry generator of the corresponding interacting soliton equation the
result also follows directly from the structural properties of the underlying dynamics. In
case of the KdV this symmetry group generator can be found from the fact that it must
generate a group in the kernel of the Miura transformation.

As an example, to illustrate a more general method, we consider the KdV equation

ut = uxxx + 6uux (1)

whose hereditary recursion operator [5,8] is given by the Lenard operator [1]

Φ(u) = D2 + 2uxD
−1 + 4u (2)

where, as usual, D−1 denotes integration from −∞ to x. For this equation we consider
only solutions vanishing rapidly at infinity. Further examples and detailed computations
concerning the construction of action-angle transformations in general are comprised in
[7].

As usual [4] we characterize the N-soliton manifold by

MN = {u | there are cn s. t.

N∑
n=1

cnKn(u) = 0} . (3)

According to the general theory [9,10,12], the recursion operator of the given nonlinear
system follows to be doubly degenerated when restricted to MN . Furthermore, when the
gradients of canonical action-angle variables are mapped by the hamiltonian formulation
onto vector fields, then the eigenvectors of the recursion operator are obtained. Keeping
in mind that the hamiltonian formulation of the KdV is given by the differential operator

1



D, we find that for every eigenvector, which corresponds to a symmetry generator of the
system, the corresponding eigenvector (with the same eigenvalue) must be the derivative
of the gradient of an angle variable.

According to the Lax formulation, the the KdV represents an isospectral flow, not
only for its recursion operator, but also for the Schrödinger operator: L = D2 + u. Now
explicit computation easily shows that whenever

Lω =
λ

4
ω (4)

then
Φ(u)(ω2)x = λ(ω2)x (5)

and this relation is independent on whether or not ω is a genuine eigenvector of L. Hence
we have a nonlinear link between the eigenvectors of these isospectral problems. Since the
eigenvector of D−1ΦD given by the square of the eigenvector of L it can be understood
as the gradient of the conservation law given by λ, hence this eigenvector corresponds to
the gradient of an action variable. Thus, the gradient of the corresponding angle variable
must be given by the second eigenvector of D−1ΦD. The latter can be retrieved by use
of the fact that the relation between the eigenvectors of L and Φ is nonlinear. If we take
a linear superposition of two different solutions ω1 and ω2 of (4) then we obtain by linear
superposition for solutions of (5) the following:

Lemma: If ω1 and ω2 are functions such that

Lωi =
λ

4
ωi, i = 1, 2 (6)

then
σ1 = (ω1

2)x, σ2 = (ω2
2)x, σ3 = (ω1ω2)x (7)

are solutions of Φ(u)σ = λσ.

Among these three formal solutions, those with vanishing boundary conditions at in-
finity, are precisely those which correspond to the doubly degenerate spectrum of Φ.
Obviously σ1 has the required boundary behavior since it decreases exponentially at in-
finity; conversely, σ2 cannot fulfill such boundary conditions since it grows exponentially
at infinity. However, σ3x, represented by the derivative of a product of two functions
growing and decaying exponentially with the same rate, goes to zero at infinity.

Thus, σ3x is the second eigenvector of Φ and σ itself must be the gradient of an angle
variable of the system. Correspondingly, a map from the action to the angle variable is
given by the map from σ1 to σ3. This map follows by combination of

• the construction of the second eigenvector ω2 when ω1 is given.

• the nonlinear link between ω and σ.

Application of the method of variation of constants shows that, given one eigenvector ω of
the Schrödinger operator (D2 + u)ω = λ′ω then another such eigenvector ω̃, correspond-
ing to the same eigenvalue, is given by ω̃ = ωD−1ω−2. Combination of these results gives:

Theorem [7]: On the multisoliton manifold of the KdV the action-angle map
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∇action variables→ ∇angle variables

is given by σ → σD−1σ−1. Here σ stands for the gradients of the canonical action vari-
ables corresponding to the eigenvectors of the recursion operator Φ(u).

A similar result, implied by the nonlinearity of the relation between the two isospec-
tral problems, can be obtained for most of the well known integrable nonlinear evolution
equations which admit both a recursion operator and a Lax Pair. Differences among
various cases only depend on technical details ( see [7]).

However, a characterization of the action-angle map in terms of symmetry group
generators of the interacting soliton equation can be given by recalling that the dynamics
of those eigenvectors of the recursion operator, which correspond to action variables,
follows itself a nonlinear evolution equation which is again completely integrable [6]. If
σx is such an eigenvector then the dynamics for σ is the interacting soliton equation
which, in case of the KdV equation, reads

σ2σt = σ2σxxx − 3σσxσxx +
3
2
σx

3 +
3
2
λ σ2σx (8)

and is related, via a Bäcklund transformation, to the KdV equation [2].
Analyzing the method we just applied, we find that it consisted in taking a one-

parameter family (with respect to a linear parameter) in the eigenspace of the Schrödinger
operator, and then, after application of the nonlinear link, picking out the linear term
of the corresponding group action in the eigenspace of the recursion operator. Hence,
the result of the above procedure gives nothing else than an infinitesimal generator of a
one-parameter symmetry group in the manifold of generalized eigenvectors of the recur-
sion operator, or rather its pull-back to the cotangent bundle given by the hamiltonian
formulation. That is, the action-angle map follows to coincide with a symmetry group
generator of the interacting soliton equation.

Theorem [7]:The action-angle map σ → S(σ) is always a symmetry group genera-
tor for the corresponding interacting soliton equation.

Remarkably, S(σ) can neither be the group generator of (8) given by G(s) = s nor
can it be a member of the hierarchy for the interacting soliton equation since all of these
correspond to action variables of the system. However, the map required in the last
theorem can be explicitly obtained by use of the well known links between KdV, mKdV,
their singularity equations and their interacting soliton equations (see [2]). One finds
that, up to addition of a multiple of the generator for x-translation, the interacting soli-
ton for the KdV equation can be obtained in two ways. Apart from the way described
above one can go first, via the Miura transformation, to the mKdV and then by the
Cole-Hopf transformation to the interacting soliton equation. Since the Miura transform
u = ivx + v2 is a differential equation between solutions u of the KdV and solutions v of
the mKdV, one can change the v’s without changing the u’s by going over to different
solutions of this ordinary differential equation (given by the Miura link). Hence there
must be an additional symmetry group for the v’s which nevertheless does not change
the form of the interacting soliton equation for KdV. Transfer of this change in v via
the Cole-Hopf transformation then leads to an additional invariance of the interacting
soliton equation.
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Explicit computation [7] shows that indeed:

2isD−1 1
s

is the additional symmetry which comes out of this procedure, hence represents the
action-angle map.

Similar arguments go through in cases where a canonical Miura-like link between
different integrable equations exist, especially for the case of the Caudrey-Dodd-Gibbon
equation [3] which plays the role of the KdV equation in the corresponding Bäcklund
Chart [11].
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