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Abstract. By use of mastersymmetries we construct the action/angle variables for
multi-soliton systems in terms of the field variable u. Furthermore, an interpretation in
terms of asymptotic data is given.

On a suitable manifold M we consider hamiltonian evolution equations
u, = Ki(u) (1)

in (141)-dimensions. Here u = u(x,t) € M denotes the field variable and K;(u) is a
translation invariant vector field on M. We restrict ourselves to equations (1) which
admit a localized hereditary ([3]) recursion operator ®(u) = ©;(u) Oy (u) with an im-
plectic/symplectic factorization ([4]) or equivalent, a compatible hamiltonian pair ©1,0¢
([10],[11]). The operator ® generates a hierarchy of pairwise commuting symmetries ([5])

K,(u) := " (uw)Ko(u) = " (u)uy
for the equation (1). If there is a scaling quantity 7o(u) and a fixed « €R with
L, ® :=®[rg] — 7@ + &7, =& and L, Ko := [0, Ko] = aKj , (2)

then the recursive application of ® on 75 produces a second hierarchy of vector fields
Tn, = ®"719, the so-called mastersymmetries ([2],[6],[15]). Here [ , | denotes the usual
commutator between vector fields and « is a scalar. For reasons which become obvious
later, we use the Lie derivative Ly T of a tensor field T into the direction of a vector
field V' as the standard notation ([16]). Due to the hereditariness of ® the following
commutator relations hold between the symmetries K,, and the mastersymmetries 7,

[Kanm] =0, [TnaKm] = (m+a)Kn+m ) [TnaTm] = (m_n)Tn-i-m .

Example: For u being an element of the Schwartz space of rapidly decreasing functions

we obtain with Ko(u) = ug, 70(u) = $2u, + u and the hereditary recursion operator

®(u) = D*+2DuD ' +2u = (D*+2Du+2uD)D"! = 0,6,
the hierarchy of the Korteweg-deVries equation (KdV)

U = Ugpr + OUUL .



It is well known that the equations introduced above admit multi-soliton solutions.
The N-soliton solutions can be described as elements of the following invariant subman-
ifold My of M ([12])

N
My = { u| there exists «a, such that ZanKn = 0} . (3)

n=0

Since for vanishing boundary conditions at infinity this manifold can be parametrized
by the velocities ¢; and the phases ¢; of the N-soliton-solutions, it has the dimension
2N. With the reduction technique introduced in [8], we obtain important properties of
My (see also [9]). Using these results we can introduce in T, My the following basis of
eigenstates of @ for the discrete eigenvalue ¢;

A = % and B; = g: . i=1,...N . (4)
We now are able to give the representation of all quantities on the submanifold My w.r.t.
the basis A; and B;. In this report we will mention only some of them. For convenience
we denote these quantities with a bar.
Lemma 1:

(a) W.r.t. the basis A; and B; the hamiltonian equation induced by the flow (1) on
My is of the following linear form (in terms of the ¢; and ¢;)

q1 C1
ol 4 . 0 A -
4 N | _ N | _ (=) S 2+o
o1 Y N R >t
CN 0
A0 0
0 & 0
where A, denotes the diagonal N x N- matrix A, =
0
0 0

(b) The recursion operator ® is of the following form on My

— Al 0 o O A(l—a) O 7A(+a) A =1
= ( 0 Al) o <_A(1—a) 0 A(+a) 0 = @1@0 .

Using this representation our first result is
Lemma 2:

K

(a) W.r.t. the Poisson bracket given by ©; the coordinates ci¥,q; fulfill for all 7,5 =
1, ..., N the following relations

{c ate, = adiy , {c' fle, = {ai:9}e, = 0. (5)
1

Hence, Zcf , ¢; are the canonical coordinates corresponding to ©; . They are

called canonical action/angle variables.



(b) The symmetries K, = ®"(cy,...,cn,0,...,0)* are bi-hamiltonian vector fields
with (* denotes the transposed vector)

N
_ ~ 1 _ 1
K, = ©; grad nte) = Qg grad (————— nbltery
1 gra (n+a ;Cz ) 0 gra (n+1+a ;Cz )
(c) The vector field 7 is a hamiltonian vector field w.r.t. ©; with
7o = (—aq,...,—aqn,c1,...,cy)* =01 grad (— Z &g ) - (6)
i=1

Example : For the KdV equation « is equal to 1/2. Hence, lemma 2 gives the ac-
tion/angle coordinates in terms of the asymptotic data g;, ¢;.

Recall that it was our aim to express the action/angle variables in the original field
variable u. This is not a trivial task, because the manifold under consideration is not a
vector space and only the gradients of these scalar fields are known from [8]. To obtain
the final result we need the following main tools:

(1) The transformation to a basis of eigenstates of ® on My is related to a change
of coordinates II, which assigns to every N-soliton solution w its asymptotic data.
The behaviour of tensor fields under that change of coordinates is used ([1]).

(2) Lie derivatives are invariant under a change of coordinates ([14]).

(3) For the equations under consideration the scaling mastersymmetry 7o = ©OgradF
has always a unique hamiltonian structure © on the whole manifold M. In the
reduction, 79 remains hamiltonian w.r.t. ©),.q and the corresponding scalar field
on My is Fiary - In (gi, ¢;i)- coordinates we obtain ©),..q = ©1.

Theorem :
(a) The eigenvectors

A, = gquz and ci_o‘ B, = c}_a %

of ® are hamiltonian vector fields w.r.t. the implectic operator ©|,.q (determined
by the requirement (3) that 7o = © grad F' has to be hamiltonian).

(b) The potentials Ef* and ©; of the eigenvectors A; and ¢; ~“B; are given by the partial

derivatives OF oF
* = — Q = — . 7
YT e o) "
(c) éE? and §2; are canonical coordinates w.r.t. ©1, i.e. for alli,j =1,..., N it holds

{EY Efte, = 0= {Q;,Q}e, , {E]",Qj}e, = adi; .



Example : For the KdV equation we have
L[t
10 = (D?+ 2Du + 2uD) gradz/ zudr = O1(u) gradF(u) .
Hence, for the N-soliton solutions with vanishing boundary conditions at infinity we
obtain the action/angle variables w.r.t ©1,.q explicitly by
1t 1 oo
2V E; = ~5 / TUg, dr , Q; = —5\@/ LU, dx . (8)

For all proofs and more examples we refer to the exhaustive paper [13].
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