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Daniell lattices and adapted cones
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Adapted cones (Mokobozky-Sibony [8], see also [2], [3], and [7]) came up in
potential theory, they were introduced to study integral-representation of linear
functionals: Every monotone linear functional on an adapted cone P has a repre-
senting measure. The reason for that fact is, roughly speaking, that for every f e P
there is a g € P which, compared to f, increases very rapidly at the points away
from compactness. Hewitt’s [5] (see also [9]) representation theorem for bounded
functionals on C'(X) can be understood by the same intuitive argument although,
from the technical point of view, if differs very much from the preceding result.
In order to contribute to a unified treatment of integral representation we generalize
the notion of “adaptedness’” and extend the integral representation theorem. This
theorem then covers both results which were mentioned above. At the same time
this result simplifies the proof of Hewitt’s theorem. For all proofs the ingredients
are of an elementary nature (Hahn-Banach, Daniell-Stone).

Lattices. Let X be a nonempty set and E(X) a truncated vector lattice (with
respect to pointwise operations). Recall that truncated means that 1 fe E(X) for
all fe E(X). For a sequence f, e E(X) we write f, | 0 if f, is decreasing (i.e.
fne1 < fp for all n € N) and converges pointwise to zero.

E(X) is said to be a Dantell lattice if, for every positive linear functional
u: E(X)— R, Daniell's condition is satisfied, i.e. for every sequence f,| 0 we
have inf y(fs) = 0. From the Daniell-Stone theorem [1] we obtain:

neN

Every positive linear functional on a Daniell lattice has a representing measure.

Recall that a ¢-additive positive measure m on X (with respect to the c-algebra
generated by E (X)) is said to be a representing measure for y if

p(f)=Jfdm for all feE(X).
x

A sequence fp, | 0 in E (X)) is said to be Dini convergent if there is some 0 < ¢ € E (X))
such that ¢~1f, converges uniformly to zero. Here, as usual, we put

O0-(+o0)=0 and ¢ l(xr)=+co if ¢@)=0.
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If every sequence f, | 0 in E(X) is Dini convergent, then E(X) is called a Dins
lattice.

Observation. Every Dint lattice is @ Daniell latiice.

Proof. Let u be a positive linear functional on the Dini lattice E (X) and consider
fay 0. Take 0 < ¢ € E(X) such that ¢-1f, converges uniformly to zero. Then
0rn | 0, where dy = sup {¢p~1(2)fa(x)|2 € X}. Since u is positive we obtain:

0= pu(fs) Sp(dng) =0dup(p){0. O

We define a sequence fy | 0 to be almost Dini convergent if there is 0 < ¥ e E(X)
such that, for every & > 0, the sequence

(fav (e¥)) — e¥

is Dini convergent. The lattice E(X) is said to be adapted if every sequence f, | 0
in B(X) is almost Dini convergent.

Theorem 1. Every adapted lattice is a Daniell lattice.

Proof. Let u be a positive linear functional on the adapted lattice E (X). Consider
fny 0 in E(X). Let 0 < ¥ e E(X) such that for every ¢ > 0 the sequence kg, =
{(fav e¥) — e¥ is Dini convergent. It suffices to show

inf u(fn) S epu(¥) for every e>0.

neN

Fix ¢ > 0 and take 0 < ¢ € E(X) such that ¢~1h, , is uniformly convergent. We
define 7' = fivev¥ and consider the subspace

E=1{geE(X)||g| £AT for some icR;}.

The functions @, ¥ and all the f, are in this subspace. Let u be the restriction of
u to E and consider the sublinear functionals on £ given by:

Pn(9) = sup{T'(2)1g(2)|ze X with fn(z) < e¥(x)},

gn(9) = sup {T (¥)"1g(2) | v X with fa(z) Z e¥(x)}.
Then u < ¢ max (py, gn), Where o = u(T) = u(T).
By Koénig’s Maximumsatz [6] (see also [4]) we can decompose u = v, -+ 7, into
linear vy, 7 With v, = 09, and 7, < g¢s. In particular », and %, are positive.

Put 8, = sup(p~lhy,e) then 8, 0. And from

Pu(fn—e¥) =0 and ¢ul(fn — dnp—e?)=0
we obtain:

vn(fn) = 81)11,(97),

Na(fa) = 670 (@) + enn(¥) S enn(¥F) + Onp(e)-
Hence we obtain the desired inequality
inf u(fa) < eu(¥P) +i151£5nﬂ(¢) =eu(¥). O

neN
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Cones. A convex subcone F(X) of a Daniell lattice or an adapted lattice E (X) is
said to be a Daniell cone or an adapted cone, respectively, if for every g e E(X)
there is some f € F(X) with |g| < f. As a consequence of theorem 1 we have that
every adapted cone is a Daniell cone.

Recall that a functional u: F(X)— R is said to be monotone if { < ¢ implies

u(f) = pulg).

Theorem 2. Every monotone linear functional on a Daniell cone has a representing
TEASUTE.

Proof. Consider F(X) and E(X) as above and let u be a monotone linear func-
tional on F(X). From the definition above follows that

plg) =inf{u()|g = feF(X)}

defines a sublinear functional on E(X). Furthermore y = p|rx). Hence [4], 4 can
be extended to a linear u < p on E(X). i must be monotone since g < 0 implies
p@) =p@=p0)=0 [

Examples.

Example 1. Let E(X) be an algebra and a lattice with 1 € E(X) and assume
that E(X) has the following properties:
i) If g e B(X) with g(z) > 0 Vo € X then there is some ¢ € #(X) with ¢ - g = 1.
ii) If v, € E(X) with 0 < 7, < 1 for all » € N, then there are 1, > 0 with

Dip<oo and Y AptacE(X).

neN neN

Observation. E (X) is a Daniell lattice.
Proof. Let f, | 0 and ¢ > 0. Consider the sets

Yn={wlfn(x)§_§}, Zn={z|fn(x) Z &}.

2
Define 1, = ;(s — (fnv ;) Ae).Then TneE(X) with0 <7, =1 and 7,)y, =1

and 7,5, = 0. Condition i) yields some % € E(X) with A(f; 4- 1) = 1. Condition ii)
yields A, >0 with > 1, << oo such that

9=>2 IhtneE(X).

Observe that ¢g(x) > 0 Vzxe X since every z € X is in some Y,. Again, by i), there
isa pe E(X) with p-g = 1. Put ¥ = 1 then we obtain:

PN (a0 e¥) = W) Sglfnve) =) = S reh((faye) — o

o0

§;z:2k.

k=n+1
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Hence, fy is almost Dini convergent. Since the sequence was arbitrarily chosen,
E(X) is adapted and a Daniell lattice by theorem 1. []

Example 2 (Hewitt [5], see also [9]). Let C{X) be the space of continuous real-
valued functions on a topological space X. Then every positive linear functional
u: C(X) — R can be represented by a measure with respect to the os-algebra gen-
erated by C(X).

Proof. Trivially C(X) fulfills the conditions considered in example 1. Hence C'(X)
is a Daniell lattice. [J

Example 3. Let E(X) be a truncated vector lattice. For § ==Y c X we denote
by E(Y) the space of restrictions of fe E(X) to Y. Assume that E(X) has the
following property: For every 0 < f e E(X) we can find some 0 < ¥ e E(X) such
that for every £ > 0 there is a nonempty Y ¢ X with f < ¢¥ outside Y and such
that E(Y) is a Dini lattice. Then F(X) is clearly adapted.

Example 4 (Mokobozky-Sibony [8], see also [3, p.283]). Let X be a locally
compact space and P(X) a cone of continuous non-negative functions on X such
that:

i) For every € X there is some fe P(X) with f(z) > 0.

ii) For every fe P(X) there is some p € P(X) such that for every ¢ > 0 there is
a compact set K c X with f < ¢p outside K.

Denote by E (X) the following space
E(X)= {feC(X)|there is a pe P(X) with |f| < p}.
Then E (X) ts a Daniell lattice. Hence P(X) is a Daniell cone.

Proof. Obviously E(X) is a fruncated vector lattice. Take a sequence f, | 0 in
E (X). From condition ii) and the construction of E(X) it is clear that we can find
a pe P(X) such that for every &£ > 0 there is a compact K. c X with f; < ep
outside K.. We claim that the sequence %, = (f,Vv (e¢p)} — &p is Dini convergent.
To see this, take some @, € P(X) with @g(k) > 0 for all k€ K; (since K; is com-
pact such a ¢ exists by i)). Now, by Dini’s lemma, ¢—1k, converges uniformly. [

I am indebted to the referee for his critical remarks.
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