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We treat in this paper a supply-demand model with infinite
commodity set. The main feature of the model is that the
producer as well as the consumer do have alternatives con-
cerning their production and consumption respectively. This
generalizes a situation considered by Heinz Konig in his
lectures on Mathematical Economy (for finite commodity sets).
The principal tools needed in the investigation are disinte-
gration - type arguments which were developed in the decom-
position-theory of linear functionals.

THE PROBLEM

We consider a commodity set X and, for the moment, it is assumed that

X = {1,...,n} 1is finite. Furthermore we consider one producer and one consumer
whose production and consumption are measured by the functions o and v
respectively. We look for conditions which quarantee that production can satisfy
consumption. An immediate guess for such a condition is that o has to exceed wv.
But in real life a and v are rather functions on P'(X) = {(Y<XIY * 4}

instead of functions on X, since the consumer allows alternatives and the
producer usually has at his disposal capacities which he uses according to the
market situation. So, for solving our problem, we have to establish a production
plan p and a distribution plan v such that

(1) p observes the limits given by the production
capacities o (p 1is then said to be possible),

(2) v 1is satisfactory, i.e. v satisfies the demand +v.

(3) we do not distribute more than we produce (p and v
are then called compatible).

To make this more precise we assume that the producer consists of subunits

U(Y), Y € P'(X), where U(Y) 1is the collection of all factories where the
commodities i € Y can be produced equivalently but where production cannot
switch to commodities outside of Y. Then the production capacities

a: PY{X) >R are given by the numbers o(Y) , measuring the maximal output

of the subunit U(Y). On the consumers side the situation is quite similar.

His demand is given by a function v : P'(X) - IR, , where v(Y) measures that
fraction of his total demand which can be satisfied by assignment of an arbitrary
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produced by the subunit U(Y). Similarily, v(i,Y) measures the amount of
being assigned to the demand v(Y).

The requirements (1) - (3) immediatly lead to the following definitions:

The production plan p is said to be possible if for
all Y € P'(X) we do have

(8Y* = p(i,Y) < o(Y).
iey
The distribution plan v is defined to be satisfactory if
(5)*  w(Y) £ % v(i,¥Y) forall Y€ P(X).
iey
And finally, the plans p and v are said to be compatible

if for every commodity i € X production exceeds
distribution, i.e.

(6)* = v(i,Y) < b3 p(i,Y)
{YlieYy (Yli€eY}

If we put formally p(i,Y) = v(i,Y) = 0 whenever 1 € Y then we can rewr
(4) - (6) in the following form:

(4) = p(i,Y) < oY)

i€X
(5) oY) = £ v(i,Y)
i€eX
(6) b2 v(i,Y) < ¢ p(i,Y)
YEP' (X) YEP' (X)

Now, our (preliminary) problem is:

Are there plans, which are possible, satisfactory and compatible ?

A simple necessary condition for the existence of these plans is easily fo
For this purpose we consider an arbitrary subset Y < X. Then obviously thi
amount of that part of the demand which can only be satisfied by assignmen
goods out of Y has to be less than or equal to the amount the producer c:
produce when he concentrates all his efforts on the production of goods be
to Y , that is, whenever he has the alternative to produce something in
in X\Y then he chooses the production of the good in Y. In formulas th
condition reads as follows:

(7) T v(Z) < T o (Z) for all Y € P'(X)
(Z€P' (X) 1Z<Y) (Z€P' (X)1ZNY+4)

At this stage we have to admit that we are not interested in the problem w
stated so far, but rather in its generalization to infinite commodity sets
In the first moment this sounds 1ike an intended contribution to "general

nonsense", which is not so. For example, already in the simple case when o
interested in the dynamical behaviour of supply-demand models one has to t:

inta arcaint that tha accinanmant Af a2 rammadi+y +nadag de AiFfrunnnt Funm 1+
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(R being the time scale), which is clearly infinite. For this reason, in the
next chapter our problem will be reformulated (and solved) in a measure-theoretic
setup.

1 Remarks : (1) Our problem originates from a problem considered by Heinz Konig
in his beautiful lectures on "Mathematische Wirtschaftstheorie" [6]. There he
gives a complete description of the case when X 1is a finite set and when the
production plan is already known, or equivalently, when the producer has no
alternatives (i.e. a 1is a function X - IR ). Konig's solution of this problem
already incorporates the classical "Heiratssatz".

(i1) For finite X our problem can be completely solved by a {somewhat sophisti-
cated) application of network methods. The best way to proceed is to apply Gales
theorem ([5] or [1,p.38]).

(iii) In this paper we do neither deal with algorithms nor with integer-valued
plans. But all this can be done in the framework of methods which is developed
in the next chapter. Furthermore these methods allow the treatment of more
sophisticated models. For example when further restrictions (raw-material
constraints) are imposed on the production.

(iv) Finally we should mention that the case of several producers and consumers
can be investigated by summing up their production-capacity functions a« and
their demand functions v , and that further applications (time-tables, labor-
market models, etc.) are possible.

THE PRODUCTION - DISTRIBUTION THEOREM

As commodity set we consider now a (possibly infinite) metric space X. By K
we denote the family of its nonempty compact subsets. We endow K with the
Hausdorff-metric [9] :

h(K;,K,) = max(sup d(x,K,), sup d(x,K;)), K;,K, € K,
1°"2 2 1°72
xeK X€eK
1 2
where d(-, ) stands for the metric of X.
A[0,+ ]- valued countably additive measure on a topological space will be called
tight if it is a measure with respect to the c-algebra generated by the compact

sets and if it is finite on every compact set and if it is inner-regular with
respect to the family of compact sets. By Iy and Ty e denote the c-alaebras

generated by the compact subsets of X and K respectively.
Now, assume that there are given two tight measures a and v on K. We call
these measures production-capacity and demand-meas.r=. Throughout this paper
we shall assume that there is no superabundance. That means that there is no
compact set of commodities which can be produced in an infinite amount. In
formulas this reads as follows:

(8) a{Z €K|ZnNnK=+4¢} <= forall KE€K.
The measures a and v are said to fulfill the balance condition if:

(9) V{ZEK|ZcKy<a{Z €K|ZnK=+s¢r forall KeK.

Our aim is to find a reasonable production plan and a suitable distribution plan.
By this we mean tight measures p, v on X x K such that:
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(10) p and v are plans, i.e. p(A xB) = v(AxB) =0

whenever A € ZX and B € ZK are such that

AnK=¢ forall KeB,

(11) p is possible, i.e. o(B) = p(X x B) for
all Bex, .

(12) v is satisfactory, i.e. v(B) < v(X x B)
for all B € Iy s

(13) p and v are compatible, i.e.

V(A x K) < p(A x K) for all Ac€ Ty

These are the suitabie generalizations of the properties given by (4) to (
0f course, because of the regularity condition it suffices to check (10) t
for compact A and B.

Main Theorem: There arve plans, which are possible, satisfactory and compa

if and only if the balance condition does hold.

THE PRINCIPAL TOOLS

In this chapter we gather the principal tools which will be used in the an
of our supply-demand model.

I. F=(F,g) denotes a preordered convex cone, i.e. < 1is reflexive and
transitive on F such that
f.<g

> 0 €R (i =1,2) =, f, +2,f, <2 + 2

Mt et = M9 T A9
Functionals are maps u : F >R =R U {- =}, where 0 - (-e), is defined
and where the other operations are extended to IR in the obvious way.
set of functionals we consider the pointwise order on F. Since no confusi
arise this order relation is also denoted by < . Linear (sublinear, super
means positive homogeneous (i.e. w(»f) = »u(f) vir20, f€eF) and
additive (subadditive, superadditive). A functional u is called order-p
ving if f2qg = u(f) = u(g).

Sandwich Theorem ([2]1): Zet w be a subiinear and order-preserving funct
t & = w be superlinear. Then there is a linear order—preserving u
< <.

and le

II. If T s a regular topological space then we denote by ch (T) the
cone of R, - valued uppersemicontinuous functions with compact support. W

UC; (T) with the T- pointwise order.

2. Lemma: If LICS(T) - R, is linear and order-preserving then the

a tight measure m on T such that

W(f) = [ fdm forall feuc (T)
T

For the proof we restrict . to the subcone UCS (K) , where K 1is some c

cithent Af T Than wa aviand +hiec vactvicrtian Tinnavwilu and Aanvdawvn_nracaras
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to the cone o = Uc;'(K) + C(K). This is a subcone of UC) (K) - ch(K) , hence

the extension must be unique. Then by the Riesz representation theorem we find
a measure m, On K representing our linear functional on ¢ , hence on

ch (K). Taking the Vimit of all those m, we obtain our measure m. =}

III. We consider two regular spaces Tl,T2 and the o-algebras 155, aenerated by
the compact subsets of T1 and T2 . Let (A,B) -» t(A,B) bea R+lJ{+ @}
valued map on 21 x I, such that <(A,B) = sup{r(Kl n A,K2 n B) LKi compact Tii
v (A,B) € I x I, and having in addition the property that if one variable is
put equal to a fixed subset of a compact set then the map is a tight measure in
the other variable.

3 Lemma: There is a unique tight measure m on Tl x T2 such that

m(A x B) = t(A,B) V(A,B) €5, x ¥

1 2

For the proof one considers the ring P of all finite disjoint unions of
measurable rectangles [6,p 149]. Then one defines for finite disjoint unions
m(UAi x Bi) =z T(Ai,Bi) and gets an unambiguously defined finitely additive

map on P since 1 s separately additive. Then for an arbitrary rectangle
K = K1 x K2 the restriction of m to PK = {S € PIS =« K} extends uniquely to

a Borel measure m, on K (Riesz representation theorem). Again taking the Timi-
one finds the desired m. o

IV. The following pre-disintegration theorem (a special case can be found in [10]
is an interesting application of the sandwich theorem.

Situation: Let (9,I,m) be a measure space and let w - n  be a map from @
into the set of R,- valued order-preserving sublinear funcéiona]s on the convex
cone F = (F,<) such that w -~ “m(f) is in Ll(m) for all f € F. Furthermore
we consider a superlinear R, - valued functional &6 on F with

8(F) < | n (f) dm(w) for all f €F.
Q

4 Theorem: There s amap t : L x F >R having the following properties:
(18) f - t(A,f) <s for every A € L Ilinear and
order-preserving on F,

(15) A > t{A,f) <s for every f € F a poeitive measure on (Q,5),

(16) T(A,f) < f rr“(f) dm(w) for all A€egx, feF.
1
(17) &(f) < <(a,f) for all f €F.

Proof  (compare [3, proof of the sum theorem]): We consider the cone ¢ of all
simple and measurable functions ¢ : @ - F , where simple means that o(q) is a
finite subset of F and where measurable means that

o l(f1) €T Vv FfEF . Weendow ¢ with the preorder
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Then we define an order-preserving sublinear = and a superlinear g < mw |

n(e) = [ m (e(w)) dm(w)
Q

§(f) if ¢ 1is constant and equal to f

- » otherwise.

According to the sandwich theorem and_by virtue of Zorn's lemma there is a1
order-preserving and linear u : ¢ >R with g <y < n. Now, the desired
given by

T(AF) = u(ly - )

where 1A(w) = {1l if w€A and 0 otherwise} 1is the characteristic fun

of A. All the properties are easily checked, the only difficulty arises i
proving that A - t(A,f) is countably additive. For this purpose it is suf
to show that

m
(18) <( N\ An’ f) = 1im inf X T(An,f)
neN m - o n=1

for every sequence An € ¥ with An n Am = ¢ if n # m. Given such a seq
we consider the superlinear p < n defined by

m
o (@) = u(lyo) + Viminf I w(l, o),
m

m — oo n=
where ¥ = a~ \UJ A . We claim that o > y. Then this proves (18) becaus
nen
sandwich theorem gives us an order-preserving linear 1§ with ; <u < w.
Since u s maximal ¢ must be equal to u , hence o =y and (18) isp
Now, all what remains is the proof of the claim. If Zm = U An then we

nzm

o) + Tim sup (1, - @) = u(o) .
m - oo m

And we obtain p = u from

Tim sup u (1z - @) < Vimsup 7w (1, o) =
m

m = o m m = oo

Tim sup f ﬂw(w(w)) dm(w) ,
m - o Zm

where the last term <0 since Z cZ and (N Z_ = b
m+1 m neN m

V. Combination of the results from II to IV leads to a powerful tool.

Situation: Assume that we are given:
wo regular topological spaces T and g,
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-and amap w- T from o into the set of R, - valued order-preserving
sublinear functionals on ch (T) such that w - n@(f) is always in Ll(m)
and fulfills the following inequality:

(19) 6(f) <[ m (f) dm(u) forall f€ ucs (1) .
Q

5 Theorem: There is a tight measure S on Q x 1 such that

(20) s(Ky x Ky) < f m (1, ) dm(w)
Ky 2

(21) 8(1 ) = s(2 x )

KZ)

for all compact Kl c Q, K? aT.

BACK TO THE MAIN THEOREM
Now, iet us return to our commodity set X and the tight measures a and

Vv

287

given on the metric space K consisting of the nonempty compact subsets of X.

For K € K we consider on the convex cone ch (X) the sublinear functional
me(f) = sup{f(x) | x € K}
and the supertinear functional

éK(f) = inf{f(x) | x € K} .
The functions K - nK(f) and K - 6K(f) are I~ measurable since for all
(K (F) < e} = (KeKKe t1(to,el)) s open and
K[o(£) 2 6} = (K€ K[Ke F(le=l))
is either compact (e>0) or equal to K (e<0).
Integration with respect to a and v yields the sublinear

n(f) = | m(f) da(K)
KeK

and the superlinear

8(F) = 6K(f) dv (K) .
Kek
6 Lemma: The following are equivalent:
(1) 6<m
(ii) o and v fulfill the balance condition.

e €

Proof: (i) = (ii): For K € K take f to be 1, (the characteristic function

of K). Then K
§(f) = wiY € K| Y<Kt and wlf) =afY €K1Y NnK#+ ¢},
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n
assume f = ¥ ). 1K , Ki €K, Ay 2 0. Without Toss of generality we may a

that i=1 1%
(22) KICKZCK3 S Ky
This assumption implies
n
m(f) = Ay 1o (K)
K =1 1T
n
§,.(f) = = 1K),
K =1 1
where 1T and 1S are the characteristic functions of the sets

i i
Ti ={YeEK] Yn Ki + ¢} and Si
desired inequality:

"

(YeK|Y <= K;} . Now, we obtain from {1

For the final proof of our main theorem we need another lemma of a similar fl
Let us define for x € X via

o, (@) = suplo(K) | x € K}

a sublinear functional on UCZ (K). For fixed ¢ the function x - ox(o) is
certainly zX- measurable, since the set

(23) {x €X \ox(w) 2 e} = U {Klp(K) = ¢}
is compact whenever ¢ > 0. Now, let m be a tight measure on X.

7 Lemma: The following are equivalent:

(1) wWiY € K| YeKh <m(K) VKEK

(1) [ oK) dv(K) < [o (0)dm(x) voeUuC (k) .
K X
Proof (compare [8,p. 26]):

(ii) = (i): For arbitrary K we consider ¢ to be the characteristic funct
of the compact set K(K) = {Y € K|Y < K}. Then according to (23)
X > px(®) is equal to the characteristic function of K. So, inequality (i) i

special case of (ii).

[3Y L [43Y+ DAaadin it ciifficnc +n nvnun [133) Fan cdan Fumatiana  Liddihaods Tana
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-1 K

where Ki are compact subsets of K with K1 < K2 c K3 .. Kn . Then the
n

function x - px(m) is equal to = A 1K , where K1 =YY € Ki} . From
i=1 i

this and (i) we obtain

n n n
oY eKIY K =z 3 oy v(K)

& px(w)dnl(x) > _Zl Ain1(K1) >

i= i=1 i

Vv

> [ oK) dv (K). o
K

Proof of the Main Theorem: The fact that the existence of a production-distri-
bution pTan impTies the balance condition is very easy and therefore left to the
reader as an exercise.

Now, let us assume that the balance condition holds for a« and wv.
Then we have & < n (lemma 6). And theorem 5 gives us a tight measure p on
X x K such that we have for compact Kl < X and compact K e K

24)* K, x K) < 1 da (K
(24) p( 1 ) Kéf( nK( K].) o (K)

25)% p(K, x K) = 5, (1, ) dv(K) .
(25)" ik xK) = [ (L) dvK)

Using the definition of 6K and T, we may rewrite these inequalities in the
following form:

(24) p(K; x K) <af¥ €K[Y K +4)

(25) p(Ky x K) 2 viY € K|Y <K, d.
1 1

The inequality (24) already implies that p 1is a plan in the sense of (10) and
that this plan is possible (11).

Now, we define a measure m on X by

m(A) = p(A x K) .
This is a tight measure because it is finite on compact sets which is a
consequence of (24) and the fact that superabundance was not allowed. From (25)

we get

(26)  v{Y € K|Y <K} <m(K) forall Ke€K.

ERY
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(27) £ © (K) dv (K) s{(nx(@) dm(x) for all € UC, (K)

Since the left-hand side is linear we may apply theorem 5 for a second time.
This gives us a tight measure v on X x K with

(28)* v(K; x K) jK o (1g) dm(x)

IA

(29) v(X x K)

v
—
—_
i
o
<
n
<
—
=~
~
-

for compact K1 < X and compact K < K .

Using the definition of oy the inequality (28)* may be rewritten in the
following form

(28) v(K; x K) <m(\_J{K; nYIY € K1).

1

This shows that v is a plan in the sense of (10). Another consequence (by
regularity) of (28) is

(30) v(Ky x K) = m(Ky) = p(Ky * K) 5

which implies that p and v are compatible (13). And finally, using (29)
come to the conclusion that v is satisfactory. o

REFERENCES

111 L.R. Ford and D.R. Fulkerson (1962), Flows in Networks, Princeton

12|  B. Fuchssteiner (1974), Sandwich Theorems and Lattice Semigroups,
J. functional Analysis 16, 1-14

|3] B. Fuchssteiner (1977), Decomposition Theorems, Manuscripta Mathematic
22, 151-164

|41 B. Fuchssteiner (1977), When does the Riesz representation theorem hol
Arch.Math. 28, 173-181

|51 D. Gale (1957), A Theorem on Flows in Networks, Pacific J.Math. 7, 10;

6] P.R. Halmos (1974), Measure Theory, Springer-Verlag, New York - Heide
Berlin

|71 K. Jacobs (1969), Der Heiratssatz, Selecta Mathematica I, 103-141, Sp
Verlag, New York - Heidelberg - Berlin

18] H. Konig, M. Neumann (1976) Mathematische Wirtschaftstheorie, Vorlesu
ausarbeitung, Saarbricken

9] E. Michael (1951), Topologies on Spaces of Subsets, Trans.Amer.Math.Sc
151-182

i101 M. Neumann (1977), On the Strassen Disintegration Theorem, Arch.Math.
413-420



