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Small boundaries 

By 

BENNO FUCHSSTEINER and M~CHAEL NEUIW~NN 

Let F denote some family of  upper bounded functions ]: X--> [ - -0% oo[ on an 
arbi trary nonempty  set X. As usual, a subset Y of X is called a boundary for F if 
every / e F attains its X-supremum at  some point of Y. I f  X is a compact tIausdorff  
space and if all / e F are upper semicontinuous, an important  example is furnished 
by  the Choquet boundary for F. In  the first par t  of this note, we construct a boundary 
for F which is (occasionally properly) contained in the Choquet boundary and which 
is, in addition, the smallest boundary as far as certain fixpoints are concerned 
(theorem 1). 

Throughout the remaining sections, F will be a convex cone containing the constant 
real functions. In  the second part,  no topology is assumed on X. In  theorem 2, 
boundary properties of some subset Y of X will be related to the problem of finding 
for every state on F a representing measure on Y. In  this connexion, the main 
theorem of [4] is slightly improved by using a convergence lemma due to Simons [9]. 
Let  us point out that  theorem 2 even applies to subsets Y of X which do not contain 
all extreme points of the state space of F. In  the final section, we transfer the preced- 
ing results to the ease of upper semicontinuous functions on a compact t tausdorff  
space X. In  particular, we s tudy the role played by  those boundaries which are 
LindelSf spaces. Theorem 3 is an extended version of a closely related result from [8]. 
As an immediate consequence we obtain conditions on X and F which force the 
Choquet boundary to be the smallest boundary for F.  We conclude with some 
further applications and examples. 

I. The smallest fixpoint-bounflary. Let X be a nonempty compact  Hausdorff  space 
and let F denote some family consisting of upper semicontinuous functions 

I: X--> [ -  oo, oo[. 

For each a e X let 

[a] : =  {x e X:  1 (x) = 1 (a) for all i e F )  

denote the corresponding equivalence class. Given some family T of mappings 
t: X --> X, a subset Y of X is called Y - i n v a r i a n t  if  t (Y) c Y for all t e T. And T is 
termed .F-exposed if  for all I e F and all T-invariant  closed Y c X the set 

Y (1) : =  {Y e Y : / ( y )  = sup/ (u)  = :  supr  1} 
u ~ : I  z 
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is also T-invariant. Finally, let 

Fix (T, F) : ~  {x e X : t(x) ~ Ix] for all t e T} 

denote the set of common fixpoints for T with respect to F.  Clearly, F ix(T,  F) 
coincides with the set of common fixpoints for T ff F separates the points of X (which 
is the most convenient case). The following example indicates tha t  F-exposed 
families may  be useful in the investigation of small boundaries. 

Example. Let  X be a compact convex set in some Hausdorff  locally convex vector 
space. Then the vector space F = A (X) of all continuous affine functions [: X -+ R 
separates the points of X. We shall refer to this setting as the geometric situation. 
Now, for each z e X let tz: X -+ X be given by  tz(x) :---- z if 2x - -  z e X and tz(x) : =  x 
otherwise. Then it is easy to see that  the family T : = {tz: z e X }  is A (X)-exposed 
and has exactly the extreme points of X as common fixpoints. 

In  the subsequent theorem, we shall introduce and characterize the smallest 
boundary for F within a certain class of boundaries determined by  fixpoints. 

Theorem 1. For every F-exposed [amily T of mappings t: X --2- X ,  Fix (T, $') is a 
boundary/or F.  There exists a smallest boundary o] this type. This  smallest [ixpoint- 
boundary coincides with Max (X, F), where Max (X, F) consists o] those a ~ X such that 
[or every nonempty compact K a X with K dg [a] there is some ] e F satisfying [ (a) >= 
supg ] and ] (a) > inf~ f. 

P r o o f .  1) Consider some F-exposed family T and let ~ denote the system of all 
T-invariant  compact and nonempty subsets of X. Note tha t  ~ is inductively ordered 
by inclusion. Now consider an arbi trary g s F. Then X (g) e ~ since T is F-exposed. 
By Zorn's lemma there exists a minimal Y e ~ such tha t  Y c X (g). Again, since T is 
F-exposed, for all J e F we have Y (J) e ~ and hence Y (]) -= Y in view of minimality. 
We conclude tha t  each ] e F is constant on Y which implies Y c Fix(T,  F). On the 
other hand 0 ~= Y a X (g). Consequently, g attains its X-maximum at  some point 
of Fix(T,  F)  which proves the first assertion. 

2) Let  T*  denote the union of all F-exposed families. T* is not empty  since the 
identi ty mapping of X belongs to T*. Obviously, T* is F-exposed and fulfills 
F ix (T* ,  F) c F ix(T,  F) whenever T is F-exposed. The second assertion follows. 

3) Finally, we have to prove F ix(T*,  F) = Max(X, F). First, let a e Max(X,  F) 
be arbi trary and let ~* denote the system of all T*-invariant  compact K c X such 
tha t  [a] c K. Define K e ~* to be the intersection of all L e ~*. I f  K ~= [a] then in 
contradiction to the minimality of K there would be some [ e 2' with ] (a) ~ supK [ 
and ](a) > infK] so that  K(]) e ~*  with K([) 4= K.  Therefore K ---- [a]. In  particular, 
[a] turns out to be T*-invariant  which implies a e F ix(T*,  F). Conversely, consider 
some a e X \ M a x ( X ,  F). Then there exists some compact K a X with 
K ~= [a] such tha t  every f ~ F with [ (a) _> sup/~ f is constan~ ~ ] (a) on K. For each 
z e K let tz : X --~ X be given by  tz (x) :---- z if x e [a] and tz (x) : = x otherwise. I t  is 
not hard to verify tha t  T :---- {tz : z e K}  is F-exposed. Obviously tz (a) ~ [a] whenever 
z e K \ [ a ]  so tha t  a ~ Fix(T,  F), in particular a ~ F ix(T*,  F). This;finishes the proof. 
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Max (X, F) has been investigated in [3]. In  particular, it is well-known and easily 
seen tha t  Max (X, F) is always contained in the Chequer boundary 

Ch (X, F) : =  {a ~ X:  supp 2 c [a] for all Radon probabil i ty 

measures X on X such tha t  ](a) < ] / d 2  for a l l /~2"} .  
x 

Note tha t  theorem I provides a new proof of  the fact tha t  Max (X, F) is a boundary 
for F and hence of Bauer's maximum principle. Even in the geometric situation 
Max(X,  F) can be a proper subset of Ch(X, F). More precisely we have: 

Remark.  Let  X be a compact convex and balanced set of  infinite dimension in 
some locally convex Hausdorff  space. Then there exists a compact convex subset X 
in X such tha t  Max(X,  A (X)) ~ Ch(X, A (X)). 

This can be proved via a slight modification of a construction given in [3]. By 
contrast, M a x ( X , A ( X ) ) =  C h ( X , A ( X ) )  for every finite dimensional compact 
convex set X. The same relation holds for every Chequer simplex X as can be 
immediately derived from [1, Cor. II.5.20]. Some relations between the set of maxi- 
mum points and potential theory have been studied in [2]. 

II.  Dini cones and representing measures. In  this section we shall consider the 
following non-topological situation : Let 0 ~ Y c X be arbi t rary  sets and let F denote 
some convex cone consisting of upper  bounded functions /:  X --> [ - -  oo, r We 
assume tha t  F contains all constant real functions.  

First, let us carefully enlarge the given cone. By VF we denote the max-stable 
convex cone generated by  F. Thus V2" consists of all functions of the form 

l : v  " "  v / n :  l :  v - - .  v I n ( x ) : =  max ( l :  @) . . . . .  In (x)) 

where/1 . . . .  , /n  e F and n ~ ~.  Further,  let  VBF be an abbreviat ion for the convex 
cone of all bounded functions in V2", and let ~= denote the convex cone consisting of 

all uniformly converging sums ~ ]n of functions /n e F v • :---- {/v r:  / e F, r e R}. 

Note tha t  I: is contained in the sup-norm-closure VBF of VBF. 
Next, let us slightly extend the notion of Dini cone from [4]. 2' is said to be a 

Dini cone on Y if 

inf sup /n  (x) < sup inf /n (y) 
ne[~ x ~ X  y~iY ne ~  

whenever (/n)ne~ is a sequence in F tha t  decreases pointwise on X. Since for every 
/ e F the sequence of functions In := n (] --  supx / )  e F is pointwise decreasing on X, 
the Dini proper ty  with respect to Y certainly implies tha t  Y is a boundary for F.  
The converse implication does not hold in general. However, some positive result in 
this direction will be obtained in the next  theorem. 

Finally, we shall be interested in representing states on F by  measures on Y. 
As usual, a positive-homogeneons and additive map ff : F --> [ - -  0% oo[ is called a 
state on  2' if ff (/) < sup)r ] for all / ~ 2". And a probabil i ty measure m on Y (always 
with respect to the coarsest a-algebra on Y such tha t  all the restrictions ] ]Y  for 
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/ e F are measurable)  is called a relpresenting measure/or the state be on Y if be (/) ~ ~ / d m  
for all ] ~ F.  Of course, all measures  have  to be a-addit ive.  Y 

The  emphasis  of  the  follo~Sng theorem lies on the equivalence of the  assert ions (ii), 
(iii) and  (vii); for completeness we list some more equivalences.  The  equivalence 
(ii) ~ (iii) is closely related to  [8, Satz 1.2]. Bu t  it  should be  r emarked  t h a t  here we 
need nei ther  topological assumpt ions  nor  a generalization of Simons '  convergence 
l emma [8, 9]. This advan tage  is made  even by  the  fact  t h a t  we had  to assume some 
weak kind of lat t ice s t ructure  in the definition of U=. The  mos t  impor t an t  special case 
of  theorem 2 arises when Y =- X ; as indicated by  condition (iv), the  ease Y ~ X is 
in a certain sense equivalent  to  the general si tuation. Let  F]  Y denote  the  convex 
cone of the  restrictions of  all / e F to Y. 

Theorem 2. The/ollowin~7 assertions are equivalent: 

(i) Y is a boundary/or  VB2'. 

(ii) Y is a boundary ]or ~:. 

(iii) F is a Din i  cone on Y.  

(iv) F I Y is a Din i  cone on Y,  and supx  )r = s u p f  / / o r  all / e F .  

(v) V F  is a Din i  cone on Y.  

(vi) ~ is a Din i  cone on Y.  

(vii) Every state on F has a representing measure on Y.  

(viii) Whenever 0 ~ /n e 2 ' / o r  n = 1, 2 . . . . .  t hen /or  every state be on 2' we have 

lim sup be (/n) ~ sup l i m s u p / n  (Y). 

(ix) Whenever 0 ~ ]n ~ F /or n ~ 1, 2 . . . . .  

~.  be ([,) > - -  ~ /or some state be on F implies sup f~ (y) > - -  ~ .  
n = l  y E Y  n = l  

(x) Whenever 0 ~ /n e F /or n = 1, 2 , . . . ,  
7n o o  

inf sup ~ . / n  (x) > - -  oo implies sup ~. In (y) > - -  oo. 

P r o o f .  (i) ~ (ii): is tr ivial .  

(ii) ~ (iii): Le t  (hn)n be a decreasing sequence chosen arb i t ra r i ly  in F such t h a t  
: r  3 > -  oo. Consider some real /3 ~ ~ and  let  / n : =  h n v f l  for all 

n ~ x ~ X  

n e N. Then  (/n),~u is a decreasing sequence in F v R which is uni formly  bounded 

on X. I n  part icular ,  for every  sequence ()~n)ne~ o f  real ~n ~ 0 such t h a t  ~ )*n -~ 1, 

the  series ~ ~n /n  uni formly  converges on X and hence a t ta ins  its X - s u p r e m u m  
n = l  

a t  some point  of  Y because of  (ii). Therefore,  f rom Simons '  convergence l emma  
[9, p. 704] we conclude t h a t  

inf sup ~.n/~(x): ~4, . . . ,  ~m ~> O, 2n = 1 <= s u p l i m s u p / n ( y ) .  
( x e X  n =  l n =  l y e Y  n--).oo 
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Since (In)he ~ decreases it follows t h a t  

inf  sup In (x) ~ sup inf /n (y) 
n E N X ~ X  y ~ Y  n ~  

and hence 
in f sup  hn (x) ~ sup infhn (y) 

n~N] x ~ X  y~Y  n ~  

because of/ff ~ ~. This forces F to be a Dini cone on Y. 

(iii) ~ (x): is trivial. 

(x) ~ (ix): By  a well-kno~-n consequence of  Dini 's l emma [4, Lemma 1] or by a 
suitable application of  the  sandwich theorem [5, L e m m a  1], for every  decreasing 
sequence (hn)n~ in F there is an order-preserving s ta te /z  on X such t h a t  

inf sup hn (x) ---- inf/z (hn). 
ne  ~ x e X  ne  

Thus the  equivalence (x) ~ (ix) is obvious. 

(x) ~ (iv): First  apply  (x) to the constant  sequence of  functions In :---- / - -  supx ] 
to derive supx  / ---- supy  / for any  / e F .  :Now consider an  arb i t rary  sequence of  sub- 
sets Ym c Y such t h a t  Ym ~ Y. 1%ore (x) we conclude t h a t  

inf supr  hn > --  c~ implies sup i n f s u p y  m hn > -- 

whenever  (hn)n is a sequence in F ] Y satisfying hn+l : hn + gn with 0 ~ gn e F I Y 
for all n. Because of  the construct ion in [5, p. 157-8], this proper ty  enables us to 
apply  the  decomposit ion theorem [5, p. 158] to F 1Y so t h a t  

(*) sup inf supy~ hn = inf  supy hn 

for every  decreasing sequence (hn)n in F [ Y .  F rom (*) it is easy to see t h a t  F[  ]7 is a 
Dini cone on Y. Indeed:  Consider some decreasing sequence (hn)n in F I Y, let 
fl :---- sup inf hn (y) and fix an a rb i t ra ry  real ~ > ft. Then Ym := {Y ~ Y: hm (y) g a) ~ Y 

y~Y nE ~  

as m -> ~ so tha t  (*) implies ~ ~ inf  supy hn. This proves the desired Dini proper ty  

since ~ :> fl was arbi t rar i ly  chosen. 

(iv) ~ (v) : I n  view of  [4, L e m m a  5] or [5, Cot. 1], V_F[ Y is a Dini cone on :Y. 
Because of  sup r  / ~-- supx  / for all ] ~ VF, this forces VF to  be a Dini cone on Y. 

(v) ~ (vi) : Consider some decreasing sequence (gn)n in VBF and choose hn ~ VBF 
such t h a t  l gn -- hn] ~ 1/2 n+2 on X for n ~- 1, 2, . . . .  ,Note tha t  the  sequence of  
functions In :~-hn-~ 1/2 n ~ VBF decreases on X. And  the  Dini p roper ty  with 
respect to  Y immediately  carries over  f rom (/n)n to  (gn)n. Hence (v) implies (vi). 

(vi) ~ (i): As remarked earlier, Y is a boundary  for a n y  convex cone containing 
the  constants  which is a Dini cone on Y. 

(iv) ~ (vii): Let  ju be an  a rb i t ra ry  state on F.  Because of s u p y / ~  s u p x / f o r  
all ] e F ,  an  easy consequence of  the  sandwich theorem [4, Cor. 1] supplies us with 
a s ta te /~  on _~] Y such t h a t / z  (/) <:/~ (/] Y) for all / ~ F .  :Now, by  the  main theorem 
of  [4] there  is a representing measure on Y for/~ and hence for/~. 
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(vii) ~ (viii) : follows immedia te ly  f rom Fa tou ' s  lemma.  

(viii) ~ (ix): is obvious.  

This completes the p roof  of theorem 2. 

I I I .  Lindeliif boundaries and applications. Throughou t  this last  section, let X be a 
n o n e m p t y  compac t  Hausdor f f  space and  let F be  a convex cone consisting of uppe r  
semicontinuous f u n c t i o n s / :  X - +  [ - -oo ,  oo[ such t h a t  2'  contains the  constant  real 
functions. For  some a rb i t r a ry  n o n e m p t y  subset  Y of X, let  us consider the  following 
six assert ions : 

(i) Y n [a] ~ 0 for all a ~ Ch (X, F). 

(ii) Y is a bounda ry  for U=. 

(iii) E v e r y  s ta te  on F has a representing measure  on Y. 

(iv) sup inf /n  (x) = sup in f /n  (y) for every  decreasing sequence (In)he r~ in ~V. 
x e X  n~l~l y e Y  n ~  

(v) For  every  Fo-subset  Z of X with Y c Z we have  Z r~ [a] 4 ~i Va e Ch (X, F) .  

(vi) For  every  Lindelhf  set  Z in X with Y c Z  we have  Z r~ [a] ~ 0 Ya e Ch (X, F).  

Of course, a subset  Z of X is t e rmed  Lindelhf if each open covering contains a 
countable  subcovering,  i.e. ff Z is a Lindelhf space in the  topology coming f rom X. 
The  preceding propert ies  are always re la ted as follows: 

Theorem 3. The/ollowing implication8 hold in general: 

(i) ~ (ii) ~ (iii) ~ (iv) ~ (v) ~> (vi). 

P r o o f .  Obviously  Ch(X,  F)  ---- Ch(X,  U:). Hence (i) implies (ii) by  Bauer ' s  maxi-  
m u m  principle. I n  view of  Dini 's  lemma,  assert ion (iv) exac t ly  means t h a t  F is a Dini 
cone on Y. Therefore,  the  equivalence of  (ii), (iii) and  (iv) follows f rom theorem 2. 
And  (iv) ~ (v) is immedia te  f rom [8, Satz 2.6]; a different approach to this implica- 
t ion can be given b y  sui table direct constructions based on well-known m a x i m u m  
propert ies  of  the  Chequer  boundary  [3, p. 417]. Since Fa-se ts  are clearly Lindelhf, 
all t h a t  remains  to p rove  is (v) ~ (vi). Le t  Z be a Lindel6f  subset  of  X with Y r Z 
and  suppose Z n [a] ---- O for some a e Ch(X,  F).  I t  is well-known and  easily seen 
t h a t  [a] is closed [8, p. 187]. Consequently,  every  z ~ Z has an open ne ighbourhood 
U(z) such t h a t  U(z)n [a]----~). Because of the  Lindel6f  p rope r ty  we obta in  a 

sequence (zn)ne~ in Z such t h a t  Z r 0 V (zn). i t  follows t h a t  Y r 0 U (zn) : :  
n = l  n = l  

and hence ~ n [a] ~ 0 in view of (v). This contradict ion to the  choice of  U (z) 
completes the  proof. 

A counterexample  due to  Simons [9, p. 706] shows t h a t  even in the  geometr ic  
s i tuat ion the  implicat ion (ii) ~ (i) fails to be t rue  in general. However ,  when imposing 
addi t ional  assumpt ions  on X, Y or F,  we shall be able to derive a n u m b e r  of  posi t ive 
results f rom theorem 3. Firs t  of  all, let us s ta te  an immedia te  consequence.  
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Corollary 1. For every LindelS/ subset Y o /X ,  all the assertions (i)-- (vi) are equivalent. 

Corollary 2. Suppose that each ] e 2' is Baire measurable. Then/or arbitrary Y c X 
the assertions (ii)--(vi) are equivalent. 

P r o o f .  In  view of theorem 3, it suffices to prove (v) ~ (ii). Consider an arbi trary 
/ e ~=. Then / is upper  semicontinuous and Baire measurable because of our additional 
assumption. Thus (x e X : ](x) > m a x x / }  is a compact Baire set and hence a G~. 
We conclude tha t  Z : =  {x e X : / ( x )  < m a x x / }  is an Fa-set. Now assume tha t  ] does 
not a t ta in its X-max imum at  some point of Y. Then Y c Z so tha t  Z (3 [a] =~ 0 for 
every a e Ch (X, F) ~ Ch (X, U:). By  Bauer's maximum principle Z turns out to be 
a boundary for ~: which is clearly impossible. This contradiction proves assertion (ii). 

In  particular, corollary 2 applies whenever F c C(X), i.e. whenever F consists of 
continuous functions on X. Another important  special case arises when the a-algebra 
of Borel sets in X coincides with the Baire a-algebra. But  in this situation the result 
can be extended to include property (i). 

Corollary 3. Suppose that each Borel subset o / X  is a Baire set. Then/or arbitrary 
Y c X,  all the assertions (i)--(vi) are equivalent. 

P r o o f .  We shall prove (v) ~ (i). Assume tha t  there is some a e Ch(X, F) such tha t  
Y c X \ [a] ----:Z. Since [a] is compact and hence a compact Baire set, it follows tha t  
Z is an Fa .  From (v) we conclude Z (~ [a] =~ 0 which is impossible. The result follows. 

Corollary 4. Suppose that X is/ irst  countable and that E separates the points o / X .  
Then /or arbitrary Y c X,  all the assertions (i)--(vi) are equivalent. In  particular, 
Ch (X, F) is the smallest boundary/or ~: and coincides with Max (X, ~:). 

P r o o f .  Again, let us prove (v) ~ (i). Consider an arbi trary a e Ch(X, F). From 
our assumptions it follows tha t  [a] ---- (a} is a G~. Hence Z :---- X\[a] is an Fa-set. 
As in the preceding proof, we conclude from (v) tha t  a e Y. The last s tatement  is 
immediate from par t  I .  

In  this corollary, the assumption on X is essential. This is clear from [9, p. 706] as 
well as from the subsequent example. 

Example. Let  X = f l y  be the Stone-Czech compactification of some completely 
regular Hausdorff  space Y and let F consist of all continuous real-valued functions 
on X. Then F ---- U:, Ch (X, F) = X, and Y is a boundary for F i f f i t  is pseudoeompact. 
Now, the equivalence (ii)<~ (vi) from corollary 2 gives immediately:  A completely 
regular Hau~dor// space Y is pseudocompact i/ and only i/every LindelS] subset o/ i ts  
Stone-Czech compactification that contains Y is compact (el. [6, p. 72 and 115]). 
Further,  let us note tha t  in this case assertion (iii) is a well-known result of Glicksberg 
(cf. [7] or [10]). Finally suppose tha t  Y is pseudocompact,  but  not compact.  Then Y 
is a boundary for ~= which is strictly contained in Ch (X, F). Thus corollary 4 ceases 
to be true if X is not  assumed to be first countable. 

In  the geometric situation, corollary 4 can be used to s tudy how exposed extreme 
points are:  
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Example. Let  X be a compact  convex set in some locally convex Hausdorf f  space. 
Suppose tha t  X is first countable. Then x ~ X is an extreme point o/ X i/ and only i/ 
/or every compact K c X with 0 ~ K =~ (x} there is a continuows convex/unction /: X --> R 
,such that /(x) ~ supK / and / (x) > infK/. Indeed,  let 2" consist of  all continuous 
convex functions / :  X -> R. Then the assertion is immediate  from corollary 4 because 
Ch (X, F)  is the set of  extreme points of  X and F ~ U:. Of course, this characterization 
remains valid if one replaces the cone of  continuous convex functions on X by & (X). 
But  unfor tuna te ly  we have no satisfying notion of  what  f~ (X) looks like. And we 
do no t  know if the above extreme point  characterizat ion holds if X is not  assumed 
to be first countable. I t  would be nice to have a eounterexample.  

Finally,  let us present an application concerning fixpoint-boundaries in the  non- 
compact  situation. We shall use the same notion of  F-exposed families as in the 
compact  case. 

Corollary 5. Let 2' be a convex cone consisting o/continuous real-valued/unctions on 
some LindelS/ topological space Y. Suppose that 2" separates the points o / Y  and contains 
all constant real/unctions. Assume/urther that 2" is a Dini cone on Y. Then/or  every 
F-exposed ]amily T o/ mappings t: Y-~- Y, the set o/ common /ixpoints /or T is a 
boundary ]or 2". 

P r o o f .  Let  X denote the set of  all lattice-preserving states on the  vector lattice 
E := VF -- VF. Endow X with the weak-*-topology a(E*, E). Then X is a compact  
t tausdorff  space, and the  mapping i : Y -~ X given by  i (y) (g) :--= g (y) is a continuous 
injection so tha t  i (Y) is a LindelSf subset of  X. As usual, for / E F define f(lu) :--~/~ (/) 
for all # e X. Then f extends / in the sense tha t  f ( i (y))  ----/(y) for all y e Y. Since F 
is a Dini cone on Y, the  equivalence (i) ~ (iv) from corollary 1 gives Ch (X, _~) c i (Y) 
where /r :~-- ( f :  ] e 2"}. Therefore Max(X,  _P)c i (Y ) .  Now, it is easy to  see t h a t  

:---- (i: t e T} is /~-exposed on X where i: X - - > X  is defined by  f(~):----i(t(y)) f f  
/~ ~ i(y) for some y e Y and i ( # ) : = / ~  otherwise. By  theorem 1 we know t h a t  
Max(X, /~)  is a boundary  for _~ with the proper ty  Max(X,  ~r F i x ( ~ ,  ~).  We 
conclude tha t  Max (X, ~)  c Fix (~,  -P) (~ i (Y) = i (Fix (T, F)). The result  follows. 
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