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DECOMPOSITION THEOREMS 

Benno Fuchssteiner 

The countable-decomposition theorem for linear functionals has become 
a useful tool in the theory of representing measures (see [4-7]). 
The original proof of this theorem was based on a rather involved 
study of extreme points in the state space of a convex cone. Recently 
M. Neumann [9] gave an independent proof using a refined form of 
Simons convergence lemma and Choquet's theorem. In this paper a 
(relat ively) short proof of an extension (to a more abstract situation) 
of the countable-decomposition theorem is given. Furthermore a decom- 
position cri terion is obtained which even works in the case when not 
all states are decomposable. All the work is based on a complete 
characterization of those states which are part ia l ly decomposable 
with respect to a given sequence of sublinear functionals. 

PRELIMINARIES 

For making this paper self-contained we gather f i r s t  some of the 

material which wi l l  be used in the sequel. F = (F,+,~) denotes a 

preordered convex cone, i .e. ~ is reflexive and transit ive and 

f i  ~ g i '  o ~ ~i E iR (i = 1,2) ~ ~1 f l  + ~2f2 ~ ~191 + ~2g2 

Functionals are maps p : F ~ where ~ =IRU {- ~}. 

o.(-~) is defined to be o and the other algebraic operations are 

extended to ~ in the obvious way. In the set of functionals we 

consider the pointwise order on F, this order relation is also 

denoted by ~ . Linear (sublinear, superlinear) means positive- 

homogeneous ( i .e.  p (~ f )  = ~p( f )  V ~ > o, f E F) and additive 

(subadditive, superadditive). A functional p is called order-pre- 

serving i f  f ~ g ~ p(f) a p(g). 
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2 FUCHSSTEINER 

SANDWICH THEOREM ( [3] ): Let p be a sublinear and orderpreserving 

.functi.onal and le t  6 ~ p be s.uperlinear. Then there is a l inear 

.ord.gr-preservin~ p with 6 ~ ~ ~ p. 

As usual, a subset r c F is called downwards directed i f  for 

f ,  g E @ there is always some h E r with h ~ f and h ~ g . 

LEMMA 1: Let p be a sublinear order-preserving functional and le t  

c F be downwards directed. Then there is a l inear order-preserving 

~ p such that inf  ~(f) = inf  p(f) . 
fee fE@ 

PROOF: Let  a = i n f  p ( f )  and d e f i n e  a s u p e r l i n e a r  6 _< p by 
fE@ 

6(g)  = s u p { h a l ~  > o, B f E @ w i t h  ~ f  _< g} .  From the sandwich 

theorem we get  a l i n e a r  o r d e r - p r e s e r v i n g  ~ w i t h  6 _< u < p . 

has the des i red  p r o p e r t y  because o f  i n f  6 ( f )  = a . �9 
fee  

SUM THEOREM (cf. [3] or [8]) : Let ~ be a linear functional and 

!.et Pn be a.sequence of order-preserving sublinear functionals 

such that for a l l  f E F the sum z pn(f) converges in IR and is 
- -  n=l 

> ~ ( f ) .  Then the re  are o r d e r - p r e s e r v i n g  l i n e a r  f u n c t i o n a l s  

m 

such t h a t  f ~ l i m  i n f  z ~n(f)_ is  l i n e a r  and _> 8 

m ~  n : l  

Pn -< Pn 

PROOF: By the sandwich theorem there is a l inear order-preserving 

with u ~ ~ ~ Z Pn " Now, we prove the theorem for 
n=l 

F- = { f  E FI~(f) > -  ~} instead of F. The fu l l  result is then 

obtained by p u t t i n g  ~k(~)  = - ~ f o r  a l l  k = 1 ,2  . . . .  and ~ E F'XF~ . 

Let F be the cone of sequences __[fn 1 in F- for which there is 

some k ( d e p e n d i n g  on [ f n ] J S u c h  t h a t  f k , f k + l , f k + 2 , . . ,  do have  a 

common upper bound. 
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FUCHSSTEINER 3 

In F we consider the order re lat ion:  

- < gn v n E N [fn ] < [gn ] ~ fn - 

And we define a sublinear order-preserving functional ~ on F and 

a super l inear  6 ~ ~ by: 

m ( ) i f  f = fk=fn V n, k E N 

~([ fn ]) = lim sup z pn(fn), 6([ fn]  ) = 
m ~ n=l 

otherwise 

By the sandwich theorem and Zorn's lemma there is a maximal l inear 

order-preserving u with 6 ~ ~ s n . 

Define ak([ fn]  ) = (o,o . . . . .  o,fk,o,o . . . .  ) (everywhere o except fk 

at place k) and 

m 

p([fn ]) = lim in f  z u Ak([fn] ). 
m ~ ~ k=l 

Then p is superlinear. Considering the following inequal i t ies we 

obtain p >_ 

m 
(1) lim in f  z v A k ( [ fn l )  + 

m ~  k=l 

+ l im sup 
m ~  

(2) I im sup 
m ~  

v((o,o . . . . .  Ofm+l,fm+2,fm+3...)) >_ v ( [ fn ]) 

v( (o . . . . .  O,fm+l,fm+ 2 . . . .  ) ) _< 

l im sup 
m ~  

((o . . . . .  o, fm+l,fm+2 . . . .  )) 

k:n 
_< ]im sup (l im sup x pk(fk)) _< 

m ~ ~ n ~ ~: k=m 

QO 

_< lim sup Z pk(f) = o, 
m -~ =~ k=m 
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4 FUCHSSTEINER 

(where f i s  a common upper bound o f  f k , f k + l  . . . .  f o r  a s u i t a b l e  

Because o f  p ~ ~ the sandwich theorem prov ides  a l i n e a r  o rde r -  

p rese rv ing  ~ w i t h  ~ ~ p ~ ~ ~ ~ . There fo re  the m a x i m a l i t y  o f  

implies ~ = p = ~ �9 Now,we define ~k ( f )  = ~ ~k ( [ f ] )  

(where [ f ]  = ( f , f , f  . . . .  )) and we obtain the desired resu l t .  �9 

FINITE DECOMPOSITION THEOREM: Let u be a l i n e a r  f u n c t i o n a l  and 

l e t  Pl . . . . .  Pn be sub l inea r  such t h a t  ~( f )  _< max(Pl(f  ) . . . . .  pn(f ) )  

f o r  a l l  f E F . Then there  are ~ l , . . . , ~ n  > o and l i n e a r  

n 
w i t h  Z ~,.~ = i and ~k -< P" '  k = I . . . . .  n such t h a t  Un 

k=l  
n 

_< Z ~k ~k 
k=l  

k). 

PROOF: We may assume ~(o) = o, o the rw ise  ~ ( f )  = - ~ u f E F 

and the theorem is  t r i v i a l .  On the cone 

= l~ {pz . . . . .  Pn } 
we cons ide r  the s u b l i n e a r  p(g) = s u p ( g ( p ~ , . . . g ( p n )  ) 

and the s u p e r l i n e a r  6(g)  = sup{ u ( f )  i f E F w i t h  f ~ g } where 

denotes the f u n c t i o n  Pi ~ Pi ( f ) '  i = I . . . . .  n. The order  i n  

s h a l l  be the p o i n t w i s e  o rder  on {P l  . . . . .  Pn } By the sandwich theorem 

there  is  a l i n e a r  o r d e r - p r e s e r v i n g  ~ on F w i t h  6 ~ ~ ~ p. 

Let  ~i be the f u n c t i o n  Pi ~ i and Pk ~ o f o r  k , i .  

Now, put  h i  = ~ ( ~ i )  then h i ~ o ( s ince  ~ is  o r d e r - p r e s e r v i n g )  

n 
and z ~. = ~ ( I )  = 1 ( s ince  ~ ( - i )  ~ p ( - l )  = - i  and 

i=1 1 

~ ( I )  ~ p(1)  ~ i ) .  And we o b t a i n  

n n 
~ ( f )  ~ 6 ( f )  ~ ~(f)^ : ~( z p i ( f )  ~ i )  ~ i n f  ~ ( 

i = l  kE~ i = l  
m a x ( P i ( f ) , - k ) ~ i )  : 

n n 
i n f  { Z v ( ~ i )  m a x ( P i ( f ) , - k  ) } : Z h i p i ( f )  . 
kE]N i=1 i=1 

A p p l i c a t i o n  o f  the sum theorem to 
n 

i = l  
~ ip  i g ives the des i red  

r e s u l t .  Here the sum theorem is  app l i ed  i n  the case o f  the t r i v i a l  

p reorder  g iven  by = 
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FUCHSSTEINER 5 

COUNTABLE DECOMPOSITION 

Let I E F with I > o, where I > o means I ~ o but not I ~ o. 

(F,I) is called order - unit  cone i f  for every f E F there is an 

n E~ such that f ~ n I  . By S I we denote the sublinear functional 

f ~ in f  { r  ErR I r l  E F, f_< r l } .  

S I is called the order - unit  functional.We say that (F,I) contains 

the constants i f  F m { r l  I r EIR }. Obviously we have then 

SI(I ) = - SI ( - I  ) = 1, or equivalently S i ( r l )  = r v r EIR. 

Furthermore 

p(f  + r l )  = p(f) + r V f E F, r EIR 

for  any sublinear p ~ S I .  This is an easy consequence of the sub- 

l i n e a r i t y  of p and the l i n e a r i t y  of S I on the constants iR I . 

Of course, subtraction is not defined in F, but we shall wri te 

f - h E F i f  there is a g E F with h + g = f .  

I f  not otherwise mentioned we consider from now on the fol lowing: 

SITUATION: (F,I)  is an order - unit  cone containing the constants. 

S = S I is the order-unit  functional on F and Pn ~ S is a 

sequence of sublinear order-preserving functionals. 

REMARK: This s i tuat ion is rather general. Let for  example G be a 

cone and le t  A E G with G ~ { r A l  r E IR}. I f  ~ is sublinear on 

G with ~ ( r A )  = r u r E IR then 

f ~ g ~ 3 h E G with ~(h) ~ o and g + h = f 

is a preorder on G such that A = I is an order-unit  with ~ = S I .  

And every sublinear functional p ~ ~ is order - preserving . 

We need a simple convergence lemma. 

> o wit___~h Z ~n = i ,  then z ~n Pn (f)  converges LEMMA 2: Let ~n - neN neN 

in  IR f o r  a l l  f E F . 
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6 FUCHSSTEINER 

PROOF: For r = S( f )  we have 

m m m 
z ~n Pn ( f )  = z ~n Pn ( f  - ( r  + ) I )  + z x n ( r  +-6) 

n=l n=l n=l 

Now, the convergence ( in  IR) of  the sum fo l lows from the fac t  tha t  

I I  ~n Pn ( f  - ( r  + ~ )  ) is _< o fo r  a l l  n �9 

Of course, th is  lemma holds fo r  any sequence [n n] of  l i n e a r  or  

sub l inear  n n < S. 

A l i n e a r  u _< S is said to be decomp.osable (wi th respect to 

(Pn)n E ~ ) i f  there are ~n -> o and l i n e a r  ~n -< Pn wi th  

Z ~n = I such that  ~ _< z ~n Un u is said to be 
nEIN nEIN 

p a r t i a l l y  decomposable i f  there are ~ > O, n and l i n e a r  u,~ wi th 

c _< I ,  ~ _< Pn" T~ _< S such tha t  ~ _< ~ ~ + ( I - k )  T~. In the "last 

d e f i n i t i o n  the emphasis is on the fac t  tha t  ~ is s t r i c t l y  pos i t i ve  . 

t E IR~+ wi th  I t l  = Z t (n )  _< i is ca l led  a repres.entat ion of 
nE~ 

(wi th respect  to (Pn)n E ~) i f  

~ ( f )  ~ z t ( k ) P k ( f  ) + ( I  - I t l )  S( f )  v f E F 
k~N 

In the set of  representat ions we consider the pointwise order on ~. 

Thenfor every u ~ S there is  a maximal representa t ion  (consequence 

of  Zorn's Lemma or the compactness of  the set of  represenat ions wi th  

respect  to the weak*-topology given by Co). 

PARTIAL DECOMPOSITION THEOREM: Let ~ be l i n e a r  ~ S. Then the 

f o l l ow in  9 are equ iva len t :  

( i )  ~ i s ~ a r t i a l l y  decomposable 
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FUCHSSTEINER 7 

( i i )  For every decreas in~ sequence fm i n  F 

f m + l -  fm E F and i n f  ~(fm) > - o o  
mBN 

sup i n f  pn(fm) > -oo  
nEIN mE]N 

w i t h  

we have 

PROOF: ( i )  ~ ( i i ) :  i s  t r i v i a l .  

( i i )  ~ ( i )  : Put ~ n ( f )  = max(P l ( f  ) ,  p2 ( f )  . . . . .  p n ( f ) )  then 

< S. Assume t h a t  f o r  every ~n is  an i nc reas ing  sequence w i th  n n _ 

the re  is  a O n E F w i t h  

~(~n ) > ~I nn(~n) + ( 1 - ~)I S(~n ) 

We rep lace gn by 

gn = gn - {S(gn) + ~n } I ,  

where 
i 

&n = ~(gn ) - S(gn) - - n  { ~n(gn) - S(gn) } > 0 . 

Th is  is  an element o f  F because o f  S(gn) Z U(gn) > - 

Then gn ~ o, S(gn) = - Sn < 0 and 
1 

o > -  Sn ~ P(gn ) - S(gn) - ~n = P(gn ) = n { ~n(gn ) - S(gn) } = 

I 
nl { nn(gn)  _ S(gn) } > -n  ~n(gn) 

Hence we have found the i n e q u a l i t y  

i 
o ~ p(gn)  > ~  ~n(gn) , 

and m u l t i p l i c a t i o n  o f  gn w i t h  a s u i t a b l e  p o s i t i v e  cons tan t  g ives an 
i I 

h n ~ o w i t h  o ~ ~ (hn) ~ - ~2 and - ~2 > ~ ~n(hn ) '  

1 
i . e .  - ~ > ~n (hn) .  Since [~n ] i s  i nc reas ing  we have in  a d d i t i o n  

I 
- ~ > ~k~hn ~ .  . v n ~ k o 

1 5 7  



8 FUCHSSTEINER 

n 

Now, we define fn = Z h k and obtain: 
k=l 

2 
i n f  p(fn) > - z = - 
nEBW n=l n 6 

i 
sup i n f  nn(fm) ~ sup ( - z ~ ) = - 
neN meN neN m:n 

This contradicts ( i i ) .  So we have proved that there is some n E 

with ~ < 1 ~ + (1 - 1 - ~ n -6) S. By the sum theorem there are l inear  

~,~o with u < v + ko, ~ < 1 ~n' ko< (1 - 1 - - -6 _ -6) S. From the f i n i t e  

decomposition theorem we get l inear  v I . . . . .  Un and posi t ive 

n 1 
~ i '  . . . .  ~n with z ~k - and ~k -< Pk such that 

k=l n 

n 

_< Z ~k ~k " 
k=l 

This obviously implies ( i ) .  �9 

DECOMPOSITION THEOREM: The fo.l.l.ow.ing .ar e equivalent: 

( i )  Every l inear  ~ s S i s  p a r t i a l l y  decomposable. 

( i i )  Every. l inear  ~ ~ S i s  decompos.a.ble. 

( i i i )  For every decreasi..n.g sequence fn i__n F we have 

sup i n f  pn(fm) = i n f  S(fm) . 
nEWmaN men 

( i v )  For every decreasing sequence fm i n  F w i th  fm+l - fm E F 

such t ha t  there is  a l i n e a r  ~ _< S w i th  

i n f  u (fm) > -  =: we have sup i n f  pn(fm) > -  
meN neN men 

PROOF: ( i )  ~ ( i i )  : We take a maximal representation t for  p. 

I f  I t l  = 1 then the decomposition of ~ follows via lemma 2 from 

the sum theorem. Therefore we assume i t l  < 1 . By the sum theorem 

there are l inear  ~n ~ Pn and u ~ S such that 

~ Z t(n) ~n + ( I  - I t l )  ~ . 
neN 
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FUCHSSTEINER 9 

Now, ( i )  provides a representat ion t fo r  ~ with I t l  > o. So, we 

obtain in contrad ic t ion to the maximali ty of t a representat ion 

= t + ( i  - I t l )  t fo r  p which is s t r i c t l y  greater than t .  

( i i )  ~ ( i i i ) :  From lemma 1 we get a l inear  ~ with 

i n f  p (fm) = i n f  S(fm). Let }i Xn Pn be a decomposition of 
men meN nE~ 

then p ~ Z An Pn and. 
nEI~ 

inf S(fm)= inf p(fm) -< inf ( z x n pn(fm)) _< 
meN m~N mE~ nE]N 

Z X inf pn(fm) ~ sup inf pn(fm). 
nEIN n meN nE~ meN 

This together with Pn ~ S gives the desired equal i ty .  

( i i i )  ~ ( i v )  is t r i v i a l  and ( i v )  ~ ( i )  fol lows from the par t ia l  

decomposition theorem. �9 

As co ro l la r ies  we derive decomposition theorems for  concrete 

o rder -un i t  cones. We consider a convex cone F(X) of  real upper- 

bounded funct ions on some set X. By VF(X) we denote the max-stable 

cone generated by F(X); i . e .  the set of functions 

x ~ max ( f l ( x )  . . . . .  f k (x ) )  where f l  . . . . .  fk E F(X). F(X) and VF(X) 

are equipped with the pointwise order on X. A l inear  funct ional  

on F(X) (or VF(X)) is cal led a state i f  ~( f )  ~ sup f ( x )  for  a l l  f .  
xEX 

COROLLARY 1: (c f  [5 ] )  l__f F(X) contains the constant funct ions on 

then the fo l lowing are equivalent:  

( i )  For every decreasing sequence fm i n  VF(X) we have 

(*) sup inf fm(X) = inf sup fm(X). 
xEX mEN mEN xEX 

( i i )  (*)  holds for  every decreasing sequence fm i n  F(X). 
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10 FUCHSSTEINER 

( i i i )  For .every decreasing sequence fm i n  F(X) with 

fm+l - fm E F(X) such that there is a state ~ with 

in f  U(fm) > -  ~ we have sup in f  fm(X) > - m . 
meN xEX mEIN 

(iv) FO r .every state ~ on F(X) and for every, sequ.e..n.ce 

Yn ~- X with u {Ynln EI~} = X there are states Un and 

X n _> o wi th Z ~n = 1 and pn(f )  _< sup f ( x )  v f E F(X) 
nEIN xEY 

n 

such that  ~ <_ z An ~n " 
nEIN 

PROOF: ( i )  ~ ( i i )  ~ ( i i i )  is t r i v i a l .  

( i i i )  ~ ( iv ) :  consider S and Pn defined by S(f) = sup f(x)  
xEX 

and pn( f )  = sup f ( y ) .  Then ( i v )  fo l lows from the decomposition 
YEY n 

theorem. 

( i v )  ~ ( i ) :  Let E(X) stand fo r  the vector l a t t i c e  VFB(X ) - VFB(X ) 

where VFB(X ) are the bounded funct ions in VF(X). Now, assume 

i n f  sup fm(X) = B > a = sup i n f  fm(X) 
mE]N xEX xEX meN 

and take y , 6 with a < 6 < y < B . 

By the Stone-Kakutani Theorem [1,p.76]  the set Q of  l a t t i c e - p r e s e r v i n g  

states is compact under pointwise convergence on E(X) and (E(X),sup- 

norm) is isometr ic  to a dense subspace of  C(Q) . Therefore we obtain 

from Dini~ lemma a l a t t i c e - p r e s e r v i n g  s ta te  u E Q with 

(3) in f  !J(fm) : in f  sup fm(X) = B , 
mEIN men xEX 

where fm = max(fm' 6) .  We extend ~ to a s ta te  on VF(X) by 

put t ing  u ( f )  = i n f  ~ (max( f , -n ) )  V f E VF(X). 
nEIN 

And we def ine pn(g ) = sup g(y) V g E VF(X) , 
YEY n 
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FUCHSSTEINER 11 

where Yn = {x E Xlfn(X ) -<y}. 

(4) ~(f)  _< z ,I n pn(f) 
nE]N 

By ( iv )  there must be a decomposition 

v f E F(X) 

with ~n -> o and z ~n = 1 . Since ~ is lat t ice-preserving 
nEIN 

and every g E VF(X) is of the form g = max(g I . . . . .  gk), where 

gl . . . . .  gk E F(X) the inequali ty (4) must also hold for  a l l  f E VF(X). 

This together with (3) implies y = B. Therefore a_> B �9 And a_< B 

follows immediately from the def in i t ion of ~ and (5 . �9 

The next corol lary is closely related to the theory of signed 

representing measures (cf. [6 ] ) .  

COROLLARY 2: For a convex cone F(X) of bounded functions (not 

necessarily containing the constants) the following ar__.eee.qu.i.v.a.lent: 

( i )  For every l inear ~ : F(X) ~IR with 

p(f)  ~ sup I f ( x ) l  V f E F(X) and for every sequence 
xEX 

Yn c X with u {Ynln E~} = X there are ~n ~ o and l inear 

Un with z ~n = 1 and Un(f) ~ sup I f ( y ) i  V f E F 
nEIN yEY n 

such that ~ ( z 
n ~n nEIN 

( i i )  For every sequence (fn,rn) E F(X) x IR such that 

r n + fn(X) and r n - fn(X) are decreasing for a l l  

we have: 

sup in f  ( I fn(X) l  + r ) = in f  sup( I fn(x) l  + rn) 
xEX nEI~ n nEIN xEX 

PROOF: in F = F(X) x IR we consider the order-relat ion 

( f , r )  _< (g,r) ~ sup I f (x )  - g(x)l _< r - r 
XEX 

x E X  
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12 FUCHSSTEINER 

Then (fn,rn) E F is decreasing i f  and only i f  the sequences 

r n + fn(X) and r n fn(X) are decreasing for all x E X. 

Furthermore we consider the sublinear order-preserving functionals 

py ( f , r )  = sup I f ( y ) l  + r 
n yEY n 

where Yn C X. Then ( F, I : ( o , I ) )  is an o rde r -un i t  cone 

S l ( ( f , r ) )  = sup I f ( x ) l  + r . Now, fo r  a decreasing sequence 
xEX 

(fn,rn) E F condition ( i i )  is equivalent to: 

and 

neNSUp meNinf PYn- (fm'rm) = meNinf Sl(fm,rm) 

for all sequences Yn with U{Ynln E~} = X. And the equivalence 

( i )  ~ ( i i )  is a consequence of the decomposition theorem. �9 

The decomposition theorems we have given so far are dealing with 

the situation that al l  states are decomposable. The characterisation 

of decomposability for a single l inear functional is much more d i f f i -  

cult.  The next theorem is the only result we are able to present 

in this direction. 

Again we use the notat ion ( f )  = sup f ( y ) .  
PYn yEY n 

THEOREM i: Let F(X) be a convex co.ne o_~f upper bounded functions 

containing the constants. Let u bean order-preserving state on 

F(X) and le t  Yn c X be a sequence with U{Ynln E ~} = X 

Furthermore we assume: 

(a) f E F(X), r EIR ~ max(f,r) E F(X) 

(b) for every representation t of u with respect to 

are order-preserving states ~ and Un ~ PY 
n 

PYn there 
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FUCHSSTEINER 13 

OO 

such tha t  u = Z t (n )  
n=l n 

+ ( I  - I t l )  ~ . 

Then the fol lowin@ are equiva lent :  

( i )  ~ __is decomposable wi th respect _t~ PYn 

( i i )  For 9very pos i t i ve  decreasing sequence fm i n  F(X) wi th  

sup i n f  sup fm(y ) : o we have i n f  ~(fm) = o 
nEIN meN yEY n mE~ 

PROOF: ( i )  ~ ( i i )  is t r i v i a l .  

( i i )  ~ ( i ) :  Consider a maximal representat ion t f o r  ~ and 

choose ~ and ~n according to (b).  ( i )  is t r i v i a l  f o r  i t l  = i .  

Assume there fo re  I t l  < i .  Then ( i i )  impl ies i n f  u (fm) = o. 
m~N 

This means tha t  ( i i )  is also va l id  fo r  ~ instead of  ~ . From (a) 

together wi th  F(X) ~IR and ( i i )  one can eas i l y  conclude that  ( i i )  

o f  the pa r t i a l  decomposition theorem holds fo r  ~ . So, ~ has a 

representat ion t w i th  I t l  > O. This impl ies tha t  

= t + ( I  - I t i ) t  is in con t rad ic t ion  to the maximali ty o f  t a 

representat ion s t r i c t l y  greather then t .  �9 

The condi t ion (b) imposed on ~ in the above theorem is qu i te  

o f ten f u l f i l l e d .  For example i f  ~ is maximal or i f  F(X) is 

min-stable or i f  i t  is a vector  space. 

This means that  s tates on a vector  l a t t i c e  ~IR f u l l f i l l i n g  Stones 

cond i t ion  (c f .  [2 ] )  are always decomposable. This f ac t  together 

wi th  an app l i ca t ion  of the Riesz representat ion theorem can be used 

( in  th is  very special  case) to prove the Daniel l  -Stone theorem. 

I am indebted to M. Neumann fo r  many he lp fu l  suggestions. 
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