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Exact NSE solutions with crystallographic
symmetries and no transfer of energy through
the spectrum

0. Bogoyavlenskij?) and B. Fuchssteiner?

DDepartment of Mathematics, Queen’s University, K7L 3N6 Kingston, Canada
2)Department of Mathematics and Informatics, University of Paderborn, D-33 095
Paderborn, Germany
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1 Introduction

In this paper, we solve the problem of complete classification of solutions to
the 2-D and 3-D Navier-Stokes equations

a—V+(V-V)V: Avpivave e awv—o, (1.1)
ot p p

with non-interacting Fourier modes, provided that solutions are space pe-
riodic with arbitrary vector periods pi, p2, p3. Here V(¢ x) is the fluid
velocity vector field, p(t,x) is the pressure and f(¢, x) is the body force, vec-
tor x = (21,22, x3). We show that there are exactly four infinite families of
solutions with pairwise non-interacting modes. Among them there are two
classes of classically known exact solutions [1] and two classes of new exact
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solutions [2 - 5]. The most important solutions depend on all four variables
t,x1,x9, r3 and have no geometrical symmetries. The solutions correspond to
the infinite series of invariant submanifolds for the Navier-Stokes equations.

The standard 27-periodic solutions to the NSE were considered in papers
[6 - 9]. We show that the Navier-Stokes dynamical systems for space periodic
solutions with different vector periods p1, p2, ps generically are not equiva-
lent to each other and have qualitatively different classes of exact solutions.
The moduli space of non-equivalent Navier-Stokes dynamical systems has
dimension 6.

We derive exact solutions to the Navier-Stokes equations that are invari-
ant with respect to certain crystallographic groups in R3. Since the general
problem of existence and smoothness of solutions to the NSE is unresolved
[10], we construct solutions with crystallographic symmetries in exact form.
As is known [11], there are 219 non-isomorphic crystallographic groups G in
three dimensions. Among them, there are 52 groups G which have purely
rotational point groups I' C SO(3) that can be either the octahedral group
O, or tetrahedral T’ or dihedral D,,, or a cyclic group C,, where n = 2,3, 4,6.
We construct exact NSE solutions that are invariant with respect to any of
the 52 crystallographic groups with purely rotational point groups I'.

2 Dynamical system for the space periodic
solutions

1. We study NSE solutions that satisfy the periodicity conditions

V(t7X+pj) = V(t,X), Vp(tax+pj) = Vp(t,X), f(t,X+pj) = f(t,X), (2'1)

where ¢ = 1,2, 3 and vector periods pi, p2, p3 are linearly independent. The
integral combinations ni;p + nops2 + n3ps, n; € Z, form a lattice of periods
A. Let vectors kq, ko, k3 are defined by the equations

The integral combinations m 1k + moks + msks, m; € Z, form the reciprocal
lattice A*. Vectors k; are k; = Ap; x pr where A = 27[p; - (p2 x p3)] ™"
and indices 7, j, k form a cyclic permutation. We present the space periodic
solutions (2.1) in the form of Fourier series

V(t,x)= Y Vi(t)exp(ik-x), f(t,x)= > fi(t)exp(ik-x), (2.3)

keA* keA*



Vp(t,x) = po(t) + i Z px(t)kexp(ik - x),

keA*

where summation is taken over all vectors k of the reciprocal lattice A*. For
real functions V(t,x), p(t,x) and f(¢,x), the Fourier components Vi, fi €
C3, and px € C satisfy the relations

Vik=Vi, px=0n Ffx=*h. (2.4)

Vectors V(t), po(t) and fy(¢) are real. The incompressibility equation divV =
0 implies

k- Vi =0. (2.5)

Substituting formulae (2.3) into equations (1.1), we obtain an infinite-
dimensional dynamical system for n # 0

Vati Y (Viem)Vi + %n 02V, — p e =0.  (26)

k+m=n

For n = 0, using equations (2.5) we obtain

Vo + p_l(po - fo) = 0. (27)

For n # 0, all functions p, can be excluded from equations (2.6). Indeed,
projecting equation (2.6) onto vector n and using equations (2.5), we obtain
p 1

Pn=— g0 Z (Vk-m)Vy, — = fa. (2.8)
k4+m=n
However, vector py(t) can not be excluded from the Navier-Stokes dynamical
system as it clearly follows from equations (2.7). This property is closely
connected with the existence of a large group of symmetries of system (2.6)
- (2.7), see Section 4 below.
Substituting formulae (2.8) into equations (2.6), we obtain the equivalent
form:

. ) 1
Vn = —nQVVn—I—FnX (n X k_;n(Vk . m)Vm> —RHX (n X fn> s (29)

Vo = p~ ' (fo — po),

where we use formula X — (n- X)n/n? = —n x (n x X)/n?



I1. Using the identity

Ax(BxC)=(A -C)B-(A-B)C, (2.10)

and equations (2.5), we transform equations (2.9) into dynamical system

. . 9
V,= —nQVVn—kLnx (nx < Z (k —m) x [V me]Jr—an)) ,
p
k+m=n

2n?
(2.11)
where all vectors k, m,n belong to the reciprocal lattice A*. In view of
Proposition 2 of Section 4 below, we assume Vi (t) = 0 in equations (2.11).

The dynamical systems (2.11) for space periodic solutions with two differ-
ent triples of periods p1, P2, P3 are equivalent if and only if the corresponding
lattices A are connected by an orthogonal transformation. The moduli space
of non-equivalent systems (2.11) has dimension 6.

Indeed, if the two systems (2.11) are equivalent, then their critical points
V. = 0 have equal eigenvalues. These egenvalues are A\, = —n?v, for all
vectors n € A*. It is evident that the set of numbers —n? for n € A* defines
the lattice A* up to an arbitrary rotation and inversion. Since the lattice
A* is defined by its basis ki, ko, ks, the moduli space M of non-equivalent
dynamical systems (2.11) has dimension 6.

REMARK 1. The multiplicities of the eigenvalues A\, = —n?v are defined by
the cardinality of solutions to the equation

3
Il2 = ann]kz . kj = C, n; € 7. (212)
ij

If the scalar products k; - k; are rationally independent then equation (2.12)
has either two integral solutions (ni,ng,n3) and (—nj, —ng, —ng) or none.
Hence on the invariant submanifold defined by the constraints (2.4) - (2.5)
all eigenvalues A\, have multiplicity 4 (since the complex vectors V,, are
orthogonal to vectors n). Let us show however that for a dense set of matrices
Ki; = k; - k; the multiplicities of eigenvalues A\, = —n?v or the number of
solutions to equation (2.12) can be arbitrarily large when C' — oco. Indeed,
suppose that matrix K;; is proportional to a rational matrix: k; -k; = bry;/q
where 7;,q € Z, b € R. This amounts to the condition

pi-p; =027 (R™")y, Rij=ri/q. (2.13)

Let Py be the set of (2N + 1)3 points n = nik; + noky + nzksz € A* where
—N <n; <N. On the Py, we have



b'n?=p"" anjki k= g < Z |ri;| N2
ij ij

Hence the rational-valued function b~ 'n? = r/q has at most Y |r;;| N? values
on the set Py of (2N + 1)? points. Then by Dirichlet’s principle there are
at least Ky = [(2N +1)3/ Y |ri;|N?] points of Py where function b~'n? has
the same value. As Ky ~ ¢N — oo for N — o0, the equation (2.12)
does have arbitrarily many solutions as C' — oo. Evidently this is true for
a dense set of periods pi, pa, p3 satisfying condition (2.13).

|

REMARK 2. The above arguments are applicable also to any vector equations
that contain the Laplace operator of velocity V(t,x), for example to the
vector diffusion equations and to the viscous MHD equations.

Proposition 1 If matriz K;; = k; - k; has the form K;; = brij/q, where
Tij,q € Z, then the number of solutions n € A* to equation (2.12) which do
not belong to a finite number £ of lines and to a finite number m of planes
becomes arbitrarily large when C — oo.

Proof. Let Py be the set Py without points of the ¢ lines L and the m
planes P. An intersection L N Py has at most 2N + 1 points and P N Py
has at most (2N + 1)? points. Hence the set Py has at least My points,
My = (2N 4+ 1)3 — £(2N + 1) — m(2N + 1) and the above proof applies
because Ky = [My/ > |rij|N?| & ¢cN — oo when C' — oo0. O

3 Exact solutions with crystallographic sym-
metries

I As is known [11], a crystallographic (or space) group G is generated by 3
basis translations X = x + p; and the generators of the point group I' C O(3)
combined with nonprimitive translations tg € R3, where @ € T'. The group
transforms X = @x + tg are denoted as < Q|tg >. The multiplication law is

< Qltg > - < Rltg >=< QR|tgr >, tor = Qtr+tg. (3.1)

The group G representation in R3 can be choosen to satisfy the rationality
condition (2.13) [11]. Any element < Qltg >€ G with Q # 1, @ # —1,
may have a line or a plane of eigenvectors Jx = +x with eigenvalues +1.
Since any crystallographic point group I' has at most 48 elements we have at
most 46 such eigenlines and 46 eigenplanes. Let E* be the set of points of



the lattice A* which do not belong to these eigenlines and eigenplanes. It is
evident that the set E* is invariant under the group I' action and each orbit
I'; in E* is isomorphic to I'. Proposition 1 yields that equation (2.12) has
arbitrarily many solutions n € £* when C' — oo.

There are 219 non-isomorphic space groups in three dimensions. From
the tables of these groups [11], one finds that 52 of them have rotational point
groups I' € SO(3). Among these 52 space groups, there are 23 symmorphic
groups which are the semi-direct products I'xZ? and have all translations
to = 0. The other 29 nonsymmorphic groups are extensions of Z* by the
corresponding groups I

There are 11 point crystallographic groups I' C SO(3): the trivial one, 4
cyclic groups C,,, 4 dihedral groups D,,, n = 2,3,4,6, the tetrahedral group
T (rotations of a regular tetrahedron), and the octahedral group O (rotations
of a cube). The groups have respectively 1, n, 2n, 12 and 24 elements. The
groups Cy, Cy, Do, Dy, T and O leave invariant a lattice with orthonormal
basis e, es, e3 and the groups C3, Cg, D3, Dg one with basis ey, %el —I—%\/geg,
es.

II. A vector field V (¢, x) is invariant with respect to a transform X = Qx+tg
if V(t,Qx + tg) = QV(t,x). Substituting this into Fourier series (2.3), we
find the invariance equations

VQk = exp(—iQk . tQ)QVk, Pok = exp(—iQk . tQ)pk. (32)

Let us construct exact G-invariant solutions in the class of Beltrami fields
2, 3, 4, 12, 13]. In papers [2, 3] the exact solutions

V(t,x) = Cre ™" / /52 [sin(ak - x)T(k) + cos(ak - x)k x T(k)]do (3.3)

are derived along with their generalizations for the viscous MHD equations,
see also [4]. Here T(k) is an arbitrary vector field tangent to the unit sphere
5% and do is an arbitrary measure on S?. The NSE solutions (3.3) satisfy
also the Beltrami equation

curl V.= aV. (3.4)
Substituting Fourier series (2.3) into (3.4) we obtain

k x Vk = —iOéVk. (35)

Cross-multiplying this equation with vector k and using k - Vi, = 0, we find
k? = o?. Taking equation (3.5) for wave vector Qk and using the invariance
equations (3.2) we find



Qk X ka = (det Q)Q(k X Vk) = —’iOéQVk. (36)

The two equations (3.5) and (3.6) yield the necessary condition for G-inva-
riance: det @ = 1 for all ) € I'. Hence the Beltrami vector fields (3.4) can
be invariant only with respect to the 52 crystallographic groups G that have
purely rotational point groups I' C SO(3).

Solutions to equation (3.5) have the form Vi = Ax+ik x Ay /a [2], where
Ay are any real vectors obeying the equations Ay -k =0, A_y = Ay. From
equation (3.2), we derive the invariance condition

Agk=Q <cos(@k “to)Ax + ésin(@k ~to)k x Ak> : (3.7)

Proposition 1 implies that for o? = C' — oo there are arbitrarily many
points k € E* which satisfy equation (2.12) k? = a? = C. The group I acts
on the set E* without fixed points and vectors k and —k define different orbits
of I'. Let us choose some representative vectors k and —k for the orbits I';,
the real vectors Ay and A_x = Ay and define vectors Agy by formula (3.7).
Hence we obtain (for f(¢,x) = 0) the G-invariant space periodic solutions

Vo(t,x) = e " Z Qleos(Qk - (x —tg))Ax — ésin(Qk c(x—tg))k X Ay],
k,Q
(3.8)

Palt,x) =Cy — pVi(t,x)/Q.

Here summation is taken over all elements () € I' and over the representative
vectors k for every orbit I'; that belongs to the set S? N E*, k? = o?. For the
23 symmorphic space groups G = I'xZ? we have tg = 0 and Agk = QAy.

EXAMPLE 1. (a) Let lattice A* has basis ey, %el + %\/geg, es. The 12 vectors
+e; + e3, +ie; £ 11/3e; + e3 € A* have the same norm |k| = v/2 and form
an orbit of the dihedral group Dg that is generated by a 60° rotation )y
around e; and a 180° rotation @, around e;. Hence for o = /2, the exact
solutions (3.8) are invariant under the crystallographic group Dgx Z3.

(b) Let lattice A* has orthonormal basis eq, €5, e3 and k; = (1,5,6), ke =
(2,3,7). We have k? = k% = 62. For the 24 rotations of a unit cube, the 48
vectors Qk;, Qks are different for all Q € O. Hence for a = 41/62, the exact
solutions (3.8) are invariant with respect to the symmorphic crystallographic
group OxZ3.

(¢) Using the inclusions of the groups Cy C Cy C Dy C O, Dy C Dy, T C
O, C3 C D3 C Dg, Cg C Dg, we define restrictions of the examples (a) and
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(b) onto the subgroups I' where vectors Agx = QAk (3.7) are independent
on different orbits of the group I'. Thus we obtain solutions (3.8) that are
invariant under the symmorphic crystallographic groups I'xZ3.

4 Symmetries of the NSE dynamical system

I Let @Q € O(3) be any element of the holohedry H(A*) (group of orthogonal
transformations that preserve the lattice A*), and S(¢) € R? be an arbitrary
smooth vector function of ¢. The holohedry H(A*) always contains at least
two elements ) =1 and Q) = —1.

The NSE dynamical system (2.6) - (2.7) for f(t,x) = 0 has an infinite-

dimensional Lie group G of symmetries

Vilt) = explik - S(1)QVg 1o (1), Vo) = QVo(t) = $(),  (4.1)

Bi(t) = exp(ik - S(1)po-1a9(t),  Bo(t) = Qpo(t) + pS(t). (4.2)

The Lie group G is a semidirect product of the holohedry H(A*) and the
abelian Lie group Aq of vector-valued functions S(t), G = H(A*)x Ay.

The proof follows by a straightforward verification and can be obtained also
from the Lie group analysis [14] of the non-periodic Navier-Stokes equations.

II. Substituting formulae (4.1) - (4.2) into Fourier series (2.3), we arrive at
the symmetries

V(t,x) = QV(t,Q  x + S(t)]) — S(t), (4.3)

Vilt, x) = QVp(t, Q7' x + S(1)]) + pS(t).

A direct substitution to the equations (1.1) proves that transforms (4.3)
with any matrix Q € O(3) are symmetries of the Navier-Stokes equations
for the general non-periodic case. Transforms (4.1) - (4.2) and (4.3) have
a clear physical meaning: the invariance of the NSE equations (1.1) under
transforms into an accelerated frame of reference. This is a generalization of
the well-known Galilean invariance of the NSE equations where S(¢) = ut,
u = const and pS(t) = 0. An important point is that the transforms (4.1) -
(4.3) give new solutions in the standard inertial frame of reference because
the form of the Navier-Stokes equations is preserved by them.



Proposition 2 Any smooth space periodic solution to the Navier-Stokes equa-
tions (2.6) - (2.7) can be transformed by symmetries (4.1) - (4.2) into a
solution with Vo(t) =0, po(t) = 0.

Indeed, let V((0) = U. We apply the transform (4.1) - (4.2) where function
S(t) satisfies the equations S(t) = —p~'py(t), S(0) = U, S(0) = 0, and
@ = 1. Then we get from (4.2) po(t) = 0. Hence equations (2.7) imply
Vo(t) = 0, Vo(t) = Vi(0). The second of equations (4.1) gives V(0) =
Vo(0) — S(0) = 0. Hence it is sufficient to consider space periodic NSE
solutions with V() = 0, Po(t) = 0.

In view of Proposition 2, we study below only the space periodic NSE
solutions with V(t) = 0, po(t) = 0.
III. For Vo = 0 and py = 0, the NSE dynamical system (2.11) has a 3-
dimensional Lie group of symmetries G; = H(A*)xT? that acts by the
transformations Vi = exp(ik - X)QVo-1(x), and px = exp(ik - X)po-1()-
Here vector x € R? is defined modA and hence belongs to the torus T® and
orthogonal matrix @) € T.

5 Exact solutions with non-interacting Fourier
modes

I. The interaction of the k- and m-modes is defined by the following terms
in equations (2.11):

Ziom = (k +m) x [(k —m) x (Vic x V). (5.1)

The k- and m-modes do not interact if Zy, = 0.

Theorem 1 For the Navier-Stokes equations (1.1), the k-modes of a set S
do not interact pairwise if and only if one of the following four conditions
are met:

1) All wave vectors k € S are parallel;

2) All wave vectors k lie in one plane L and the Fourier components Vi are
orthogonal to L;

3) The vectors k belong to a circumference k-e = 0, k> = N and vectors Vi
have the form

Vi = Ck(ae + 18k x e), (52)

where o, [ are arbitrary reals, C_y = Cx;



4) The vectors k belong to a sphere k* = N and vectors Vi satisfy the
equations

k X Vi = +ivV NV, (5.3)

with the same sign for all wave vectors k € S.

The proof consists on an analysis of the vector equation Zyy, = 0 (5.1) and
follows the line of the proof of paper [9] for the space periodic solutions with
the standard orthogonal vector periods (p;); = 276;;.

II. For any set S of the pairwise non-interacting Fourier modes, the Navier-
Stokes dynamical system (2.11) takes the form

dV 1

d—tk = K2V — Lk (kx f). (5.4)
These equations define solutions to the Navier-Stokes system (2.11) provided
that the vector functions Pfy(t) = —k x (k x fi)/k? belong to the same

subspaces as the Fourier components Vi for k € S and are zero for all wave
vectors k outside of the set S. Thus for the sub-case 1) of Theorem 1 vectors
fi. are arbitrary for k € S. For the sub-case 2) vectors Pfy have to be
orthogonal to the plane L that contains the vectors k. For the sub-case 3)
vectors Pfy should have form (5.2):

Pfy = (px + ig) (e +i0k x e) (5.5)
for all wave vectors k belonging to the circumference k - e = 0, k* = N. For
the sub-case 4) vectors Pfy have to have the form (5.3):

7
VN

for all wave vectors k belonging to the sphere k? = N.
As is known all solutions to the equations (5.4) have the form

Pfk = Pk F k x Pk, k- Pk =0 (56)

¢
Vi (t) = Vi (0) exp(—k*vt) + / Pfy (1) exp(kK*v(T — t))dr. (5.7)
0
For the constant vectors Pfy we have
Pf, - 9 ~ Pfy
Vk(t) = @ + Vk exp(—k I/t), Vk = Vk(O) - E (58)

The formula (5.8) implies that for any V(0,x), f(x) € L?*(Cp), the cor-
responding space periodic solution V(¢,x) has a uniformly bounded norm
V|2 =", | Vk|? in the Hilbert space L*(Cp).
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By the definition of the projector Pfy we have fi, — Pf, = iFi .k with some
coefficients Fy(t). Therefore (fix — Pfy)exp(ik - x) = grad(Fx exp(ik - x)).
Hence we find for the body force in (1.1):

f =grad F + ZPfk exp(ik - x), F(t,x) = Z Fx(t) exp(ik - x).  (5.9)
kes kes

The function F(t,x) affects only the pressure p(,x) and does not enter the
dynamical system (5.4).

III. To each of the four sub-cases of Theorem 1 there correspond the exact
space periodic solutions (5.7) - (5.8). We present below the solutions (5.8)
with constant vectors Pfy.

Corollary 1 For the Navier-Stokes equations (1.1) with a steady body force
f(x), there exists only four classes of the space periodic solutions with pairwise
non-interacting Fourier modes:

1) The two families (for the sign + and —) of exact solutions [2, 3, 4]:

Vine(t,x) = % Z[Pk cos(k-x) £ \/_1Nk x Py sin(k - x)|+ (5.10)

1 :
exp(—Nwvt) zk:[Bk cos(k - x) £+ ﬁk x By sin(k - x)],

where the integral vectors k satisfy the equation k> = N and arbitrary real
vectors By, Py conform the equations By -k =0, Py -k = 0. For Py, =0,
the linear subspaces of the exact solutions (5.10) have dimension r34(N) that
can be arbitrarily large. The pressure is p(t,x) = C + pF — pV3a, /2.

2) The exact solutions [4, 5]:

Vie(t,x) = % Z[pk cos(k - x) — g sin(k - x)]e— (5.11)

% zk:[pk sin(k-x)+gqx cos(k-x) k xe+ae NV zk:[ak cos(k-x)—by sin(k-x)]e—

/86_Nyt Z[ak sin(k . X) + bk COS(k . X)]k X e,
k

where the integral vectors k satisfy the equations

11



k-e=0, kX=N (5.12)
and o, 3, ay, bg, px, q are arbitrary reals, c_x = cx for ¢ = a,b,p,q.

Solutions (5.11) have the form

Vye =aU + GeurlU, U(t,x) = fy(t,x)e, (5.13)

v = % Z[pk cos(k-x) —qy sin(k-x)]4+-e V" Z[ak cos(k-x)—by sin(k-x)],

p(t,x) = C+ pF — p [(B°N — o*)e’ f} + V] /2. (5.14)

3) The convergent series defined for any integral vector n [1]:
)= 25 L b cos(n %)+ Qusin(n x)] + (5.15)
= — ncos(kn - x psin(kn - x :
Lv — k’2 F g

Z exp(—k?Lut) [Apn cos(kn - x) + By, sin(kn - x)],

k=1
where vectors Cyn are orthogonal to the vector n for C = A,/ B,P,Q and
L =n? The pressure is p(t,x) = C' + pF(t,x).

4) The convergent series defined for any two non-parallel integral vectors n

and m [1]:

Vn,m(t, X) = (516)
1 i ;[ ((kn + /m) - x) + in((kn + ¢m) - x)|n x m+
Y oo (kn + (m)? Do COS s

Z ¢~ (knttm)*vtry  cos((kn 4 fm) - x) + by sin((kn + (m) - x)|n x m,
kf=—o00

where k,0 are arbitrary integers and cpe are arbitrary constants for ¢ =
a,b,p,q that define the convergent Fourier series (5.16). The pressure is
p(t,x) = C 4 pF(t,x).

12



Proof. For the sub-case 4) of Theorem 1 the formulae (4.9), (5.6) and (5.8)
after substituting into the Fourier series (1.7) give the exact solutions (5.10).
The solutions (5.10) satisfy the Beltrami equation

curl Ve = TV NV L. (5.17)

Let r37(N) be the number of integral solutions to the equation k* = N,
k € A*. As is known [15], the number r3x(N) for (p;); = 27wd;; can be
arbitrarily large and the admissible integers N # 4*(8k 4+ 7). Each pair of k-
and (—k)-modes defines a 2-dimensional family of the exact solutions (5.10).
Hence for Py = 0 the linear subspaces Sy of exact solutions (5.10) have
dimension r35(N). The known identity

(V-V)V =curl V x V + grad(V?/2) (5.18)

and equation (5.17) yield (V4 - V)Vt = grad(V3,/2). Hence equations
(1.1), (5.9) and (5.4) imply for the pressure p = C' + pF — pV3.. /2.

The sub-case 3) of Theorem 1 for Cy = ay + by in (4.10) and for Pfy of
the form (5.5) gives the exact solutions (5.11) that evidently have the form
(5.13). The equations (5.12) imply the formulae e - grad fy = 0, Afy =
—Nfyn, divU =0, AU = —NU. Therefore using the identity curlcurl V =
graddivV — AV, we obtain curl Vye = SNU + acurl U. Hence applying
the identity (2.7) we get

curl Vye X Ve = (o = 8°N) curl U x U = grad [(8°N — o?)e*fr] /2,

and the identity (5.18) yields

(Ve - V)V e = grad [(52]\/ —a?)elfy + VZZVe] /2.

Therefore formula (5.14) follows from the equations (1.1), (5.9) and (5.4).
The exact solutions (5.8) corresponding to the sub-cases 1) and 2) of

Theorem 1 take the form (5.15) and (5.16) respectively. For these solutions

we have (V - V)V = 0; hence the pressure is p = C' + pF. O

REMARK 3. For the simplest case of an orthogonal lattice of periods (p;); =
216, and N = 1, Py = 0, the solutions (5.10) after the change of time
dr/dt = exp(—Nwt) turn into the ABC-flows [16, 17]:

i1 = Asinws+C cosxy, o9 = Bsinxi+Acosxs, 3= Csinzy+ B cosxy.

Ay, =

The corresponding vectors k and Ay in (5.10) are: k; = (1,0,0),
(0,A,0) and

(0707B>7 k2 = (0717())7 Akg = (C,O, O)? k3 = (07071)7 Ak3 =
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the minus sign is choosen in (5.10). Hence the stationary space periodic
solutions (5.10) (Pyx = 0) for (p;); = 27d;; and an arbitrary N # 4%(8k 4 7)
form an infinite family of generalizations of the ABC-flows of dimensions
r3(N) that can be arbitrarily large. The solutions also satisfy the Beltrami
equation (5.17).

REMARK 4. Let the vector e be one of the coordinate unit orts, for example
e; and (p;); = d;;. Then the equations (5.12) read k = kye1 + koea, k3 + k3 =
N. The solutions (5.11), (5.13) for px = gx = 0 take the form

VNg(t,X) = OéUNg + ﬁcurl UNg, UN3 = ngeg, (519)

fns = exp(—=Nut) Z[ak cos(k1xy + kaoxo) — by sin(k1xy + ko).
k

The number of the vectors k is equal to the ro(N) that is the number of
integral solutions to the equation k% 4+ k3 = N. Let the integer N = 28m;ms
where m; = [[¢", ¢ = 1(mod4) and my = [[p°, p = 3(mod4) where p and ¢
are prime divisors of N. By Euler’s theorem [15] the number 75(N) is zero if
any of s is odd. If all s are even, then Gauss theorem [15] states that ro(N) =
4d(m,) where d(my) is the number of divisors of m;. Therefore the number
r9(IN) can be arbitrarily large. In the formula (5.19), we have for each pair
k and —k the two arbitrary parameters ay and by and a free parameter (/.
Hence the family of exact solutions (5.19) depends on ro(/N) + 1 parameters.

For any two distinct positive integers ki, ko there are 8 integral vectors
+k;e; + kje; with the same norm. Hence ro(kf + k3) > 8. For example
65 = 12 4+ 8% = 4% + 7%, hence the subspace Sgs. of exact solutions (5.19) has
dimension 75(65) + 1 = 17.

6 Exact space periodic solutions to the 2-
dimensional NSE

Proposition 3 For the 2-dimensional Navier-Stokes equations (1.1) in the
variables t, x1,x9, the k-modes of a given set S do not interact pairwise if
and only if one of the following two conditions are met:

1) All wave vectors k € S belong to a circumference k? = N;

2) All wave vectors k € S belong to a straight line k = An.

Proof. For the space periodic 2-dimensional NSE (1.1), the wave vectors k
and the Fourier components Vi lie in the plane z3 = 0. Hence we obtain for
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the interaction term (4.1): Zyy, = (m? — k?)Vy x V,, and the dynamical
system (2.11) turns into

dV,
dt

)
on?

1
= —vn?V, — 5% (n x f,) + n x Z (m? — k*)Vy X V.

k+m=n

In view of equations (2.1), (2.2) we have V,, = iv,n x e3/n?, where v_,, = 7y,.

Let n x f, = —ifyes, f_n = fu. Hence the dynamical system takes the form

dv,

k2 _m2
E = _VHQUH + fn + Z Ukvm—(k X m) - €3. (61)

2k?m?

It is evident from equations (6.1) that the k- and m-modes do not interact, or
Zym = 0, if either k? = m? or the wave vectors k and m are parallel. Hence
if the set S contains two non-parallel wave vectors k and m then all vectors
q € S belong to the circumference q?> = N; otherwise the set S belongs to a
straight line k = An. [

Proposition 4 For the 2-dimensional Navier-Stokes equations (1.1) with a
steady body force £(x), there exists only two families of the space periodic
solutions with pairwise non-interacting modes:

1) The exact solutions

1
Vn(t,x) = N Z [Pk sin(k - x) + g cos(k - x)]k x e+ (6.2)
keA*

exp(—Nvt) Z [ax sin(k - x) + by cos(k - x)] k X e,
keA*
where the vectors k € A* C R? belong to the circumference k? = N. For
Px = qx = 0, the dimension of the linear space of solutions (6.2) is equal to
the ro(N), the number of integral solutions to the equation k* = N, and can

be arbitrarily large.
2) The convergent series (5.15) defined for any vector n € A* C R2.

Proof. The sub-case 1) of Proposition 3 and formula (5.8) for Vi = (b —
iax)k x e and Pfy = (g — ipx)k X e define the exact solutions (6.2). For
each pair of k- and (—k)-modes we have the 2-dimensional space of solutions
(6.2). Hence for px = qx = 0 the linear space of solutions (6.2) has dimension
ro(N) that can be arbitrarily large, see Remark 4 of Section 5. The solutions
(6.2) are the special cases of solutions (5.11) for & = 0, § = —1. Hence the
pressure is defined by formula (5.14): p(t,x) = C + pF — p(N f% + V%) /2.
The sub-case 2) of Proposition 3 gives the convergent series (5.15) and
p(t,x) = C + pF. O
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7 Conclusions

We have derived a complete classification of the space periodic NSE solutions
with pairwise non-interacting Fourier modes. The classification is indepen-
dent of the vector periods pi, p2, p3. However the dimensions of invariant
submanifolds of solutions (5.10) depend on the periods in a drastic way and
can be arbitrarily large if the rationality condition (2.13) is met. There are
four infinite series of invariant submanifolds for the NSE dynamical systems
(2.11) on which all solutions are smooth and exist for all moments of time
t > 0. The wave vectors k € A* for them belong to the following four families
of sets:

(1) the spheres S? N A*: k? = a?,

(2) the circumferences S'NA*: k-e =0, k? = o?,

(3) the straight lines L' N A*: k = An,

(4) the planes P2NA*: k-e = 0.

Here e € A, and n € A*. The direct and inverse cascades do not work
for all these solutions since there is no transfer of energy through the spec-
trum. These results imply that the stochastization of the solutions occurs
very slowly if the initial data are in a small neighbourhood of the above in-
variant submanifolds. Hence the rate of stochastization is not uniform in the
functional space of the NSE solutions.

The completeness of the obtained classification implies that for any so-
lution outside of the above invariant submanifolds there exists necessarily a
non-zero interaction between Fourier modes. The most complex dynamics of
fluid is realized for the exact space periodic solutions (5.10) that depend on
all four variables t, xz,y, 2 and generically have no geometrical symmetries.

We have shown that dynamical systems (2.11) describing space periodic
solutions with different periods pi, p2, p3 generically are not equivalent to
each other. The systems are equivalent if and only if the corresponding
lattices of periods A are connected by an orthogonal transformation.

We have derived exact NSE solutions (3.8) that are invariant with respect
to any of the 52 crystallographic groups G that have purely rotational point
groups I' € SO(3). Here I' is either a cyclic C,, or a dihedral group D,,
n = 2,3,4,6, or the tetrahedral group 7" or the octahedral group O. The
obtained G-invariant exact solutions depend on all four variables ¢, x1, xo,
xIs3.
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