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1 Introduction

In this paper, we study the space periodic solutions with arbitrary vector
periods p1, pa, p3 for the system of viscous MHD equations [1]

A\ 1 1
a——i—(V-V)V: —=Vp+ —curl B x B+ vAV, (1.1)
ot p P
B
88_75 = curl(V x B) + nAB, (1.2)
divV =0, divB=0. (1.3)
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Here V(¢,x) is the fluid velocity vector field, B(¢,x) is magnetic field and
p(t,x) is the pressure, vector x = (x1, 2, z3); the density p, kinematic vis-
cosity v, permeability p and resistivity n are constant. For the Navier-Stokes
equations

oV 1
o +(V-V)V=—-Vp+vAV, divV =0, (1.4)
p
the standard 27-periodic solutions were considered in [2-4].
In papers [5, 6], exact solutions to the Navier-Stokes equations and viscous
magnetohydrodynamics equations (MHD) were derived in the form of the
time-dependent Beltrami flows. For these solutions, the fluid velocity V,

pressure p and magnetic field B have the form

V(t,x) = e / /5 sin(ok - x)T(k) + cos(alk - x)k x T()] do, (1.5

p(t,x) =C, — pV3(t,x)/2, B(t,x) = Cyexp(a®(v — n)t)V(t,x),

where C, Cy are arbitrary constants and a # 0 is an arbitrary parameter.
Here the integral is taken with respect to an arbitrary measure do on the
2-dimensional unit sphere S?: k* = 1 and T(k) is an arbitrary smooth vector
field tangent to the unit sphere, T'(k)-k = 0. For Cy = 0, formula (1.5) gives
exact solutions to the Navier-Stokes equations (1.4). The generic solutions
(1.5) depend on all four variables t, 1, x5, 3 and have no geometrical sym-
metries. Similar NSE solutions were independently derived by Majda and
Bertozzi in [7]. The idea of constructing the NSE and MHD exact solutions
by using the Beltrami flows was first developed by Trkal [8] and Tasso [9].

For the special vector fields T'(k) and the Euclidean measure do, solutions
(1.5) have the soliton-like properties [6, 10]. If the measure do has the form
do =0(ky) + - - + d(ky), the formulae (1.5) give the exact solutions [6]:

V(t,x) =e "> [sin(ak; - x)T(k;) + cos(ak; - x)k; x T(k;)].  (L6)

=1

Here k? = 1 and T'(k;) - k; = 0. For generic vectors ky,---,k, and n > 3,
solutions (1.6) are quasi-periodic functions of x. For n = 3 and k3 = k3 =
k2 = 1, solutions (1.6) are periodic in R* with vector periods p;, p2, p3
satisfying equations k; - p; = 2ra™14;;.

In this paper, we solve the problem of complete classification of space
periodic MHD solutions with non-interacting Fourier modes and arbitrary
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vector periods pi1, p2, P3. In spite of the solutions have no transfer of energy
through the spectrum they can describe a very complex dynamics of plasma
with streamlines dense in 3-D domains. We show that for v # n there are
four infinite families of solutions with pairwise non-interacting modes. The
simplest two of these families of exact solutions are classically known [11].
For v = n, there are six families. The solutions correspond to the infinite
series of invariant submanifolds for the viscous MHD equations.

2 Dynamical system for space periodic solu-
tions and its symmetries

I. We study MHD solutions that satisfy the periodicity conditions

B(ta X+ pz) = B<t7 X)7 V(t? X+ p’L) = V(t? X)> Vp(ta X+ pz) = VP(ta X),
(2.1)
where ¢ = 1,2, 3 and vector periods pi, p2, p3 are linearly independent. The
integral combinations ni;p + nops + n3ps, n; € Z, form a lattice of periods
A. Let vectors ky, ks, k3 are defined by the equations

The integral combinations mik + moks + msks, m; € Z, form the reciprocal
lattice A*. Vectors k; are k; = A\p; X px where A = 27[p; - (p2 X p3)]~" and
indices i, j, k form a cyclic permutation. We present the periodic solutions
(2.1) in the form of Fourier series

B(t,x) = » By(t)exp(ik-x), V(t,x)= > Vi(t)exp(ik-x), (2.3)

Vp(t,x) = po(t) +i Y pi(t)kexp(ik - x),
keA*

where summation is taken over all vectors k of the reciprocal lattice A*. For
real functions B(t,x), V(¢,x) and p(t,x), the Fourier components By, Vi €
C3, and pyx € C satisfy the relations

Bx=Bx, Vi=Vy, px=D" (2.4)

Vectors By(t), Vo(t) and py(t) are real. The incompressibility equations (1.3)
imply



k-Be=0, k-Vi=0. (2.5)

Substituting formulae (2.3) into equations (1.1) - (1.2), we obtain an
infinite-dimensional dynamical system for n # 0

Vati > (Vk-m)Vm+%n+n2yVn—L Y (kxBy)xBm = 0, (2.6)

k+m:n p'U/ k-l,-m:n

Bn,+n"By—inx Y  VixBpn=0. (2.7)

k+m=n

For n = 0, using equations (2.5) we obtain

Vo4 p 'po=0, By=0. (2.8)

For n # 0, all functions p, can be excluded from equations (2.6). Indeed,
projecting equation (2.6) onto vector n and using equations (2.5), we obtain

pa=—tn Y Viem Vit —n- Y (kxBi) xBn.  (29)

k+m=n k+m=n

However, vector po(t) cannot be excluded from the MHD dynamical system
as it clearly follows from equations (2.8). This property is closely connected
with the existence of a large group of symmetries of system (2.6) - (2.8).

Substituting formulae (2.9) into equations (2.6), we obtain the equivalent
form:

. 1
V.= -n*vV, + X (n X Z (Vi -m)V,, —v(k x By) x Bm]> ,

k+m=n
(2.10)
where we use formula X — (n - X)n/n? = —n x (n x X)/n? and denote
v =1/(pp).
I1. Using the identity
Ax(BxC)=(A-C)B—(A-B)C, (2.11)

and equations (2.5), we transform equations (2.10) and (2.7) into the dynam-
ical system



Vn:—n21/Vn—|—L2nX (nx Z (k —m) x [VkXVm—’YBkXBm]>a

2n
k+m=n

B,=-n"B,+inx Y VixBy, (2.12)
k4+m=n
where all vectors k, m,n belong to the reciprocal lattice A*. In view of
Proposition 2 below, we assume V() = 0 in equations (2.12).

The dynamical systems (2.12) for periodic solutions with two different
triples of periods p1, P2, P3 are equivalent if and only if the corresponding
lattices A are connected by an orthogonal transformation. The moduli space
of non-equivalent systems (2.12) has dimension 6.

Indeed, if the two systems (2.12) are equivalent, then their critical points
V., =0, B, = 0 have equal eigenvalues. These egenvalues are

/\ln = —H2V, /\Qn = —n27] (213)
for all vectors n € A*. Tt is evident that the set of numbers —n? for n € A*
defines the lattice A* up to an arbitrary rotation and inversion. Since the
lattice A* is defined by its basis ki, ko, ks, the moduli space M of non-
equivalent dynamical systems (2.12) has dimension 6.

REMARK 1. The multiplicities of the eigenvalues (2.13) are defined by the
cardinality of solutions to the equation

3

n2 = Z n,anZ . kj = O, n; € Z.. (214)

ij=1

If the scalar products k; - k; are rationally independent then equation (2.14)
has either two integral solutions (ni,ng,n3) and (—ny, —ns, —ng) or none.
Hence on the invariant submanifold defined by the constraints (2.4) all eigen-
values (2.13) have multiplicity 1. Let us show however that for a dense set of
matrices K;; = k;-k; the multiplicities of eigenvalues (2.13) or the number of
solutions to equation (2.14) can be arbitrarily large when C' — oo. Indeed,
suppose that matrix K;; is proportional to a rational matrix: k; -k; = bry;/q
where 7;,¢ € Z, b € R. This amounts to the condition

pi-p;=b(2m)*(R™")y, Ry =rij/q. (2.15)

Let Py be the set of (2N + 1)3 points n = nik; + noky + nzksz € A* where
—N <n; < N. On the Py, we have



3

b =Y nngk, k=

ij=1 q ij=1

Hence the rational-valued function b~'n? = r/q has at most Y |r;;|N? values

on the set Py of (2N + 1)® points. Then by Dirichlet’s principle there are

at least Ky = [(2N +1)3/ 3 |ri;|N?] points of Py where function b~ 'n? has

the same value. As Ky ~ ¢N — oo for N — oo, the equation (2.14)

does have arbitrarily many solutions as C' — oo. Evidently this is true for
a dense set of periods pi, pa, ps3 satisfying condition (2.15).

REMARK 2. The above arguments are applicable also to any vector equa-
tions that contain the Laplace operator of velocity V(t,x), for example to
the Navier-Stokes equations, the Stokes equations and the vector diffusion
equations.

Proposition 1 If matriz K;; = k; - k; has the form K;; = br;j/q, where
Tij,q € Z, then the number of solutions n € A* to equation (2.14) which do
not belong to a finite number £ of lines and to a finite number m of planes
becomes arbitrarily large when C' — o0.

Proof. Let Py be the set Py without points of the ¢ lines L and the m
planes P. An intersection L N Py has at most 2N + 1 points and P N Py
has at most (2N + 1)? points. Hence the set P} has at least My points,
My = (2N +1)? — (2N + 1) — m(2N + 1)? and the above proof works
because Ky = [My/ > |rij|N?| & ¢cN — oo when C' — oo. O

III. Let @ € O(3) be any element of the holohedry H(A*) (group of or-
thogonal transformations that preserve the lattice A*), and S(¢) € R? be an
arbitrary smooth vector function of . The holohedry H(A*) always contains
at least two elements ) = 1 and ) = —1.

The MHD dynamical system (2.6) - (2.8) has an infinite-dimensional Lie
group G of symmetries

Vilt) = explik - S)QVg1a0 (). Volt) = QVo(t) = S(t),  (2.16)

Bu(t) = o exp(ik - S(t))QBo-100(t), Bo(t) = 0QBo(t), o =£1, (2.17)

Alt) = exp(ik - S(H)pg 100D, Bolt) = Qpo(t) +p8().  (218)
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The Lie group G is a semidirect product of the holohedry H(A*) and the
abelian Lie group Ag of vector-valued functions S(t) and the group Zo, G =
H(A*)XAO X Z2.

The proof follows by a straightforward verification and can be obtained also
from the Lie group analysis [12] of the non-periodic MHD equations.

Substituting formulae (2.16) - (2.18) into Fourier series (2.3), we arrive
at the symmetries

V(t,x) = QV(t,Q ' x + S(t)]) — S(t), (2.19)

B(t,x) = 0QB(t, Q"' [x + S(1)]), Vi(t,x) = QVp(t,Q " [x +S(1)]) + pS(t).

A direct substitution to the equations (1.1) - (1.3) proves that transforms
(2.19) with any matrix @ € O(3) are symmetries of the MHD equations for
the general non-periodic case.

REMARK 3. Transforms (2.16) - (2.18) and (2.19) have a clear physical
meaning: the invariance of the viscous MHD equations (1.1) - (1.3) under
transforms into an accelerated or non-inertial frame of reference. This is a
generalization of the well-known Galilean invariance of the MHD equations
where S(t) = ut, u = const and pS(t) = 0. An important point is that the
transforms (2.16) - (2.18) give new solutions in the standard inertial frame
of reference because the form of the MHD equations is preserved by them.
The following proposition gives a useful application of transforms (2.16) -
(2.18).

Proposition 2 Any smooth periodic solution to the MHD equations (2.6) -
(2.8) with Vo(t) # 0 can be transformed by symmetries (2.16) - (2.18) into
a solution with V(t) = 0, po(t) = 0.

Indeed, let us apply transform (2.16) - (2.18) where function S(t) satisfies the

equations S(t) = —p~'po(t), S(0) = V,(0), S(0) = 0, and Q@ = 1. Then we
get from (2.18) Po(t) = 0. Hence equations (2.8) imply V(t) = 0, V(t) =
Vo (0) and the second of equations (2.16) gives V(0) = V(0) —S(0) = 0. O
IV. For dynamical systems (2.12) with Vy = py = 0, symmetries (2.16) -
(2.18) reduce to the transforms Vi = exp(ik - 2)QV o140, By = oexp(ik -
z)QBg-1(k), and px = exp(ik - z)pg-1(k). Here arbitrary vector z is defined
up to the periods pi, p2, ps and thus belongs to the torus T3. Hence we

obtain that dynamical systems (2.12) have the Lie groups of symmetries
G = H(A*)XT? x Zy.



3 Non-interacting Fourier modes

The interaction of the k- and m-modes is defined by the following terms in
equations (2.12)

Zym = (k+m) x (k—m) x [Vx X Vi, — 7By x Byy)), (3.1)

Skm = (k+ m) X [Vk X Bm + Vm X Bk] (32)

The k- and m-modes do not interact if Zy,m = 0 and Sgm = 0.
Lemma 1 Two modes k and m do not interact if and only if one of the
following four conditions is met:
1) The wave vectors k and m are parallel.
2) The vectors Vi, Vi, Bk and By, have the form

Vk = Uke€, Vm = Um€, Bk = akge, Bm = ame, (33)
where e is a unit vector orthogonal to the vectors k and m.

3) The Fourier components have the form

Vi =Ck(tre+ Xk xe), V, =Cn(re+ \m x e), (3.4)

By = Ck(ae + bk x €), By, = Cn(ae + bm X e),

where vectors k and m have equal norms, k* = m? and coefficients Cy(t),
Cm(t), (1), M), a(t) and b(t) are some functions.
4) The Fourier components are

Vi = :f:ﬁBk + Tbke, Vi = ﬂ:ﬁBm + Tbme, (35)

By =axe + bk xe, By =ame+ bym X e,

where coefficients ay(t), bx(t), am(t), bm(t) and 7(t) are some functions and
v =1/(pu) = const.

Proof. Since vectors Vi, By are orthogonal to k and V,,,, By, are orthogonal
to m, they have the form

Vi(t) = vk(t)e + ux(H)k x e, Vyu(t) = vm(t)e + um(t)m X e,



By(t) = ak(t)e + bx(t)k x €, Bu(t) = am(t)e + bm(t)m x €,

where e-k =e-m =0, e = 1. We have (k x €) X (m X €) = zme, where
2km = (k X m) - e. Hence we find for the interaction terms (3.1), (3.2):

ka = ka(m2 — k2)(ukum - kabm)e%— (36)

Zkm [VkUm — UmUk — Y(a@kbm — ambi)](k + m) X e,

Skm = Zkm [Ukbm — Umbxk|(k +m) X € + (Vb — Vmbk + UkGm — Umaxk )k X m.

(3.7)
It is evident that Zym = Skm = 0 if the wave vectors k and m are parallel.
If they are not then zyy, # 0 and formula (3.7) yields

ukbm — umbk =0. (38)
There are three different cases: (a) by = 0, by, = 0; (b) b # 0, by, # 0; (c)
b = 0, by 2 0.

(a) If b = by, = 0 then ayx # 0 and a,, # 0 and equation Sy, = 0 (3.7)
vields ugam = umax. Hence ux = Aay, um = Aam. Equation Zy, = 0 (3.6)
gives A2(m? — k?) = 0, A\(vk@m — vmax) = 0. For A = 0 we get solutions
(3.3). For XA # 0 we have k? = m? and vx = Tax, vm = Tam. Hence we
obtain solutions

Vi =ax(te+ Xk x e), Vi, = am(7€ + \m X e), By = axe, By, = ape.

These solutions belong to the solutions (3.4) as a special case for b(t) = 0.
(b) For by # 0, by, # 0 we get from (3.8):

Uk = )\bk, Um — )\bm, (39)
and equation Sy, = 0 (3.7) implies (vx — Aax)bm = (Vm — Aam)bk. Hence
we find

Uk = Aax + Tk, Um = Ay + Thm, (3.10)

where A(t) and 7(¢) are some functions. Substituting equalities (3.9), (3.10)
into formula (3.6), we see that the condition Zyy, = 0 yields



(A2 —9)(m* —k*) =0, (A —~)(axbm — amby) = 0. (3.11)

For A = £,/ = const, bx # 0, by, # 0, we obtain solutions (3.5). For

A2 #£ v equations (3.11) imply k? = m?, ay = Bbx, am = Bbm, and we

get solutions

Vk = )\Bk + /{Cke, Vm = )\Bm + HCme,

By = Ck(ae + bk x e), By, = Cp(ae+bm X e),

where kK = b7, b # 0 and a = (Bb. These solutions are equivalent to the
solutions (3.4) after changing notations.

(c) For by = 0, by # 0, equation (3.8) gives ux = 0. Hence equations
Zym = 0 and Sy, = 0 yield gty = vaxbm, Vkbm = axum,. Hence we get
Um = £,/Ybm, v = +,/7ax and solutions take the form

Vi =+/yaxe, Vpy =ovme £/ 7bpm X e,

By = axe, B =ame + by,m X e.

These solutions belong to the solutions (3.5) as a special case for by (t) = 0
where ay(t), am(t), bm(t) and 7(t) are arbitrary functions. O

Let us consider a set S of modes where any two k- and m-modes do not
interact. For the real MHD solutions V (¢, x) and B(¢, x), the set S contains
along with any k-mode also the (—k)-mode satisfying the equations (2.4).
For the set S of non-interacting modes, the dynamical system (2.12) takes
the form

Va=-0?vV,, B,=-n%B,, (3.12)

Va(t) = exp(—n®vt)V,(0), Bu(t) = exp(—n*nt)B,(0). (3.13)

Hence we see that equalities (3.5) with /7 = const are possible for all ¢ only
if v =n. Thus for v # n only three cases 1), 2), 3) of Lemma 1 realize.

Corollary 1 Forv # 1, if the k- and m-modes do not interact and the wave
vectors k and m are not parallel then

(k+m) (VixVm) =0, (k+m)- (B xBy)=0. (3.14)
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Proof. Lemma 1 implies that if k? # m? then vectors Vi, V., By, By have
form (3.3) and hence Vi x V,, = 0, By x By, = 0; if k» = m? then the
vectors have form (3.4) and hence

Viex Vi = CilCnmA(m—k)+ 22 me,  BrxBpy, = CyCrnab(m—k)+b*zme,
and equations (3.14) follow. O

Lemma 2 For v # n, if the k- and m-modes with k* = m? = N do not
interact then the same modes with the new Fourier components

Vi =(Vi—ifk x Vi, V=V —ifm x Vi, (3.15)

B = aByx —ifk x By, B =aBmn —ifm x By,

do not interact either. Here (, 0, a and (3 are real constants.

Indeed, for v # 7 the non-interacting modes with k* = m? have form (3.4).
These equations are invariant with respect to the transforms (3.15).

The transform (3.15) gives the linearly dependent vectors Vi and V)
only if k x Vi = AVy. Cross-multiplying this equality with vector k we get
k x (k x Vi) = —k?V) = Mk x Vi = \?Vy.. Hence A\ = +i|k|. Thus only
vectors Vy, By satisfying the equations

k x By = +i|k|By, (3.17)
span 1-dimensional invariant subspaces for the transforms (3.15). For such
complex vectors Vi, By we have Vi - Vi, =0, B - Bx = 0.

The vectors

Vie = Ar F —kx Ay, Bis=CiF —k x Cy (3.18)

IS K|

represent all solutions to the equations (3.16), (3.17), where Ay and Cy are
real vectors orthogonal to k: Ay - k=0, A_y = Ay, Cx - k=0, C_x = Cy.

Theorem 1 For the MHD equations (1.1) - (1.3) with v # n, the k-modes
of a set S do not interact pairwise if and only if one of the following four
conditions are met:

1) All wave vectors k € S are parallel;
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2) All wave vectors k lie in one plane L and the Fourier components Vi, By
are orthogonal to L;

8) The vectors k belong to a circumference k - e; = 0, k = N and vectors
Vi, By have the form

Vk = Ck(7e1 + 1Ak x el), Bk = Ck(ae1 + Zﬁk X el), (319)

where e; € A is a given vector and T(t), \(t), a(t), B(t) are some real
functions, C_x(t) = Ck(t);
4) The vectors k belong to a sphere k* = N and vectors V., By satisfy the

equations

k x Vi = +ivV/NVy, By = exp(N(v —n)t)Vy, (3.20)

with the same sign for all wave vectors k € S, Cy = Cy = const.

Proof. The wave vectors k of the set S belong either to a straight line (then
they are parallel) or to a plane or there are at least three linearly independent
wave vectors k, m,p € S.

1) If the wave vectors k € S are parallel then Lemma 1 implies that all
k-modes do not interact pairwise.

2) - 3) Let all wave vectors k of the set S belong to a plane L and let e be
a unit vector orthogonal to L: e -k = 0, e> = 1. Let k and m be some non-
parallel wave vectors in S. Lemma 1 proves that vectors Vi, Vy,, Bx and
B,, have form (3.4). Any other wave vector p € S is non-parallel either to k
or to m. Hence by Lemma 1 V|, = C,(te+Ap xe), B, = Cp(ae+bp xe). If
A =0, b =0 then the Fourier components Vi = ve, By = ayxe for all wave
vectors k € S, that proves the case 2). If either A # 0 or b # 0 then Lemma
1 gives k? = m? = p? = N. Hence all wave vectors k of the set S lie on the
circumference k - € = 0, k> = N. The formulae (3.4) for the non-interacting
modes with vectors k, —k, m, —m are compatible with the conditions (2.4)
only if A\/7 and b/a are purely imaginary. Hence equations (3.4) are reduced
to Vi = Ck(1e + i)k x e), By = Cx(ae + ik x e) with some real functions
T(t), A(t), a(t), B(t). The unit vector e satisfying the equations e - k = 0,
e-m = 0 is proportional to the vector e = Ak x m € A. Hence formula
(3.19) and the case 3) follow.

4) Let the set S contain some three linearly independent wave vectors k, m,
p. By Lemma 1 vectors Vi, Vy,, By, By, have form (3.4) where k - e = 0,
m - e = 0. It is easy to verify that vectors (3.4) satisfy two equations

(k4+m) x [(k x Vi) X Vi + (m X V) X V| =0, (3.21)
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(k+m) x [(k x Bk) x By + (m x By,) x By] = 0. (3.22)

If in (3.4) either A # 0 or b # 0 then Lemma 1 gives k? = m? If A\ =b=0
then Vi = ve, Vi, = vme, By = axe, B, = ame. Hence the linear
independence of the vectors k, m, p implies Vii-p # 0, Vi, -p # 0 and Lemma
1 for the pairs p, k and p, m yields p? = k? and p? = m?. Thus for \,b # 0
and for A = b = 0 we have k? = m2. Hence we get k? = m? = p? = N.
Since any vector q € S is linearly independent with some two of the vectors
k, m, p, we get q> = N for all vectors q € S.

Hence Lemma 2 is applicable to the set of modes S and gives the pairwise
non-interacting k-modes with the new Fourier components Vi, By (3.15).

Let us prove by contradiction that all vectors Vy satisfy equations (3.16)
with the same sign and all vectors By satisfy equations (3.17) with the same
sign. The proof is the same for the Fourier components Vi and By; we
present below the proof for vectors By.

If for some vector By equation (3.17) does not hold then we consider two
wave vectors m, p € S that form a linearly independent triple k, m, p. Since
the modes k, —k, m, —m do not interact, Lemma 1 and conditions (2.4) yield
By = Cx(ce + ifk x €), By = Cpu(ae +ifm x e) wheree-k =e-m =0
and «(t), B(t) are some real functions. For this vector By, equations (3.17)
are equivalent to the equalities & = FAVN, o® — 32N = 0. Hence if vector
By does not satisfy equations (3.17) we have (a? — 3°N) # 0. Applying
transform (3.15), Bq = aBq — i8q x By, to the vectors By, B_x, B, and
B_,,, we obtain due to Lemma 2 the non-interacting k-, —k-, m- and —m-
modes with the Fourier components

Bx = \Cke, B_x=ACke, B =MCne, B_n=ACne, (3.23)

where A = o — 32N # 0. The vector B, = aB, — ifp x B, # 0 because
p? = N and o? — 32N # 0. Since the wave vectors k, m, p are linearly
independent and the equations e-k =0, e-m = 0, Bp -p = 0 hold, we have
e x B, = U # 0. The formulae (3.23) imply that the four vectors

By x B, BoxBy, BuxB, BowxBb,
are proportional to the vector U. Applying the second of equations (3.14) to

the four pairs of non-interacting modes (k, p), (—k,p), (m,p), (—m,p) we
get

(k+p)-U=0, (-k+p)-U=0, (m+p)-U=0, (-m+p) - U=0.



Hence the vector U # 0 is orthogonal to the three linearly independent
vectors k, m, p, a contradiction. Hence any vector By satisfies one of the
two equations (3.17).

Suppose that there are two wave vectors k,m € S for which the signs
in the equations (3.17) are different. Let p € S be any vector that forms a
linearly independent triple k, m, p. With no loss of generality, let the signs
in the equations (3.17) for the k-, m-, p-modes be +, —, 4. Therefore we
have

(k+m) x [(k X By) x By + (m x By,) x By] = 2iv/N(k+m) x (By x Bpy),

(p+m) x [(pxBp) x By + (m x By,) x By] = 2iv/N(p +m) x (Bp, X Byy).

Hence equations (3.22) for the non-interacting modes yield

(k+m) x (Bx xBy,) =0, (p+m)x (B, xBnm)=0. (3.24)

Equations (3.14) give

(k+m)- (Bxx Bw) =0, (p+m)-(Byx Bu) = 0. (3.25)

The equations (3.24) and (3.25) imply By x By, = 0 and B, xB,, = 0. Hence
the vectors By, B, Bp are proportional to a vector U;. Hence equations
(2.5) yield that the vector Uy is orthogonal to the three linearly independent
vectors k, m, p, a contradiction. Hence equations (3.17) for all wave vectors
q € S have the same sign.

Using these results and equations (3.4) we obtain that the Fourier com-
ponents for the k- and m-modes have the form

Vi = Dy(e +icak x €), V= Dy(e+icam X e), (3.26)

By = CDy(e +icak x e), By, =CDy(e+icam X e),

where o = 1/v/N, ¢ = #1 and ¢ = 1. The same relations are true for
the k-, —k-, m- and —m-modes. Hence using equations (2.4) we obtain
D_y = D_k, D_,, = D_m, C = C. For the non-interacting modes we find
using equations (3.13): C' = Cyexp(N (v —n)t).

Let us prove by contradiction that the case o = —¢ is not possible if the
set S contains at least three linearly independent modes k, m, p. Indeed,
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equations (3.4) and (3.13) yield that the Fourier components Vy, Bj =
By + C'Vy also do not interact, where C' = Cyexp(N (v —n)t). For the case
(3.26) and 0 = —e we have

Bk = 2C Dye, B,k = 2C Dye, Bm = 2CDye, B,m = 2CDpe.
(3.27)
Let p € S be a mode that forms a linearly independent triple k, m, p and
B, = B, + CV,. Equations (3.27) coincide with equations (3.23). Hence
the same proof by contradiction implies that the case ¢ = —¢ is not possible
for the non-interacting modes.
For 0 = ¢, equations (3.26) imply that By = Cyexp(N (v —n)t) Vi for all
modes k € S and therefore equations (3.20) and case 4) follow. O

4 Exact space periodic solutions

Theorem 2 For the viscous MHD equations (1.1) - (1.3) with v # n, there
exists only four classes of space periodic solutions with pairwise non-interacting
Fourier modes:

1) The two families (for the sign + and —) of exact solutions:

1 :
Vni(t,x) = exp(—Nuvt) kEZA*[Ak cos(k-x) + \/_Nk x Agsin(k - x)], (4.1)

BNi<t7X) =) exp(N(u - n)t)VNi(t>X)a p(t, X) =C - pV?V:I:/27

where vectors k € A* satisfy the equation k* = N and arbitrary real vectors
Ay conform the equations Ay -k = 0. The exact solutions (4.1) form a linear
space that can have an arbitrarily large dimension.

2) The exact solutions:

Vie(t,x) = e M (7U + Acurl U), Bpe(t,x) = e V" (U + Bcurl U),
(4.2)

—2Nnt —2Nuvt

€ pe (2N —72)| 22 — 2v2, |

2

p(t,x) = C+ (B°N —a®) —

24

where a, B, T, X are arbitrary reals and vector field U has the form
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U(t,x) = fn(t,x)e, fv= Z[ak cos(k - x) — by sin(k - x)]. (4.3)

k

Here vectors k € A* and constants ax, by satisfy the equations

k-e= O, k2 = N, a_x = Ak, b_k = —bk. (44)

3) The convergent series defined for any vector n € A*:

Val(t,x) = > exp(—k*Lvt) [Agn cos(kn - X) + Bysin(kn - x)],  (4.5)

k=1

B.(t,x) = Zexp(—k2Lnt) [Cin cos(kn - x) + Dy sin(kn - x)] ,
k=1
where vectors Apn, Bin, Cin and Dy, are orthogonal to the vector n, L = n?
and pressure p(t,x) = C — B2(t,x)/(2u).

4) The convergent series defined for any two non-parallel vectors n,m € A*:

Vaum(t, X) Z ¢~ (bntm)?vt (4.6)

kf=—00

[age cos((kn + ¢m) - x) + by sin((kn + /m) - x)|n X m,

[e.9]

Bum(tx) = 3 e-trmin,
kf=—o00

[cre cos((kn + ¢m) - x) + dgesin((kn + m) - x)|n x m,

where k, € are arbitrary integers and ayp, bre, cxe and dye are arbitrary con-
stants that define the convergent Fourier series (4.6); the pressure is p(t,x) =

C —B2(t,x)/(2u).

Proof. For the sub-case 4) of Theorem 1 the formulae (3.18) and (3.13) after
substituting into the Fourier series (2.3) give the exact solutions (4.1). The
solutions (4.1) satisfy the Beltrami equation

curl Vyy = :F\/NVN:E. (47)
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Let r3(V) be the number of integral solutions to the equation ) ;. nin;k;-k; =
N. Proposition 1 proves that the number r3(N) can be arbitrarily large if the
rationality condition (2.15) is met. Each pair of k- and (—k)-modes defines
a 2-dimensional family of exact solutions (4.1). Hence the linear space Sy
of exact solutions (4.1) has dimension r3(N) + 1. The known identity

(V-V)V =curl V x V + grad(V?/2) (4.8)

and equation (4.7) yield (Vi - V)Vyy = grad(V3,/2). Hence equations
(1.1) and (4.7) imply for the pressure p = C' — pV3_, /2.

The sub-case 3) of Theorem 1 for Cyx = ay + by in (3.19) gives the exact
solutions (4.2) - (4.3). Equations (4.4) imply the formulae e - grad fxy =
0, Afy = —=Nfy, divU = 0, AU = —NU. Therefore using identity
curlcurl V- = grad divV — AV, we obtain curl Vye = exp(—Nvt)(ANU +
7curl U). Hence applying identity (2.11) we get

N curl Ve X Viye = (72 — A2N) cwrl U x U = grad [(\*N — 7)€’ f3] /2.

Hence (4.8) yields (Vye - V) Ve = grad [e 2N(N2N — 72)e? f3 + V3] /2.
Analogously we find

N curl Bye X Bye = (o — 8°N) curl U x U = grad [(8°N — o®)e’ fx] /2,

Hence formula for the pressure (4.2) follows from equations (1.1) and (3.13).

The exact solutions corresponding to the sub-cases 1) and 2) of Theorem 1
take the form (4.5) and (4.6) respectively; the solutions are classically known
[11]. For these solutions we have (V- V)V = 0 and (B-V)B = 0. Hence
applying identity (4.8) for B(¢,x) we find curl B x B = — grad(B?/2) and
hence equations (1.1) imply for the pressure p(t,x) = C — B2(t,x)/(2u). O
REMARK 4. Solutions (4.1) for the simplest case N = 1 and (k;); = J;;
and after the change of time dr/dt = exp(—Nwvt) turn into the ABC-flows
13, 14]:

1 = Asinxz+Ccosxy, o9 = Bsinxi+Acoszs, 3= Csinzy+ B cosxy,

where x(t) describes the trajectory of a fluid particle (Lagrangian descrip-
tion). The corresponding vectors k and Ay in (4.1) are: k; = (1,0,0),
Ay, =(0,0,B), ko = (0,1,0), Ak, = (C,0,0), ks = (0,0,1), Ak, = (0, A,0)
and the minus sign is chosen in (4.1). Hence the stationary periodic solutions
(4.1) (v = 0, Cy = 0) for an arbitrary N and arbitrary vector periods py,
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P2, p3 form an infinite family of generalizations of the ABC-flows of dimen-
sions r3(N) that can be arbitrarily large. As is known [13, 14], the generic
trajectories of the ABC-flows are dense in 3-D domains. Hence the generic
solutions (4.1) also describe a complex dynamics of fluid with dense trajec-
tories. Therefore exact solutions (4.1) can be used, as well as the ABC-flows,
to model Lagrangian turbulence of fluid inspite of the absence of the Fourier
modes interaction and cascades of energy.

5 Space periodic solutions for v =7

Theorem 3 For the MHD equations (1.1) - (1.3) with v = n, the k-modes
of a set S do not interact pairwise if and only if one of the following six
conditions are met: the four of Theorem 2 and the two additional conditions:

5) The wave vectors k belong to a plane k - e = 0, vectors Bx and Vi have
the form

. €
Bk = axe + Z/\bkk X e, Vk = WBk + Tbke, (51)

where € € A is a given vector, € = +1, 7, X are arbitrary reals and complex
functions ax(t), bi(t) satisfy the equations a_y(t) = ax(t), b_x = b (t);
6) The Fourier components By and V. are linked by the equipartition equa-

tion (e = £1):

€
Vi = —Bx. 5.2
S T (5.2)

The proof is analogous to that of Theorem 2 and uses condition 4) of
Lemma 1 that is realizable only at v = 7 in view of equations (3.13).

For the case 5), the space periodic solutions belong to the family of vector
fields

1
V=+——B+7fe, B=ge+Agradf x e, (5.3)
NG

where 7 and \ are arbitrary constants and f, g are some functions satisfying
the equations

grad f-e=0, gradg-e=0. (5.4)
For the vector fields (5.3), we have: V x B = Are? grad f2/2, and
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7'62 2.2
m grad(fg) —

1
curlVxV — —curlBxB=7F
PH

grad f2.

Substituting these formulae, we find that equations (1.1) - (1.3) for v = 7
are reduced to the two diffusion equations

or _,
ot

and pressure p takes the form

V2 7_262
p= Cl — pT + Te2\/§fg + prZ (56)

Let k,m € A* be two linearly independent vectors and vector e = k x m.
Let functions f and g be the convergent series

Af, — =vAg, (5.5)

ft,x) = Y fgexp(—v(pk + qm)*t +i(pk + qm) - x), (5.7)

pP,g=—00

g(t,x) = Z Gpq €xp(—v(pk + qgqm)*t + i(pk + gm) - x),

p,q=—00

where f_,_, = f_pq and ¢g_,_, = Jpg- Functions (5.7) clearly are periodic and
satisfy equations (5.4) and (5.5). Hence the corresponding vector fields (5.3)
are the MHD solutions with non-interacting Fourier modes.

For the case 6), the space periodic solutions belong to the family of un-
steady equipartition solutions [15]:

1
V(t,x) = :I:ﬁB(t,x), (5.8)

for which the densities of the kinetic and magnetic energies pV?/2 and
B?/(2u) are equal. For solutions (5.8), the MHD equations (1.1) - (1.3)
are equivalent to the system 0B/0t = nAB, divB = 0. Periodic solutions
to these equations are the convergent series

B(t,x) = ZZ exp(—nm*t +imn - x)n x Ay, (5.9)

n

where A, € C® are arbitrary vectors satisfying equations A_, = A, and
|An| < C/n?.
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6 Conclusions

We have derived a complete classification of space periodic MHD solutions
with pairwise non-interacting Fourier modes. The classification is indepen-
dent of the vector periods p1, p2, p3s. However the dimensions D of invariant
submanifolds of solutions (4.1) depend on the periods in a drastic way: D
can be arbitrarily large if the rationality condition (2.15) is met and D = 2
for the opposite case. For v # n there are four infinite series of invariant
submanifolds for the MHD dynamical systems (2.12) on which all solutions
are smooth and exist for all moments of time ¢ > 0. The wave vectors k € A*
for them belong to the following four families of sets:

(1) the spheres S? N A*: k? = a?,

(2) the circumferences S'NA*: k-e =0, k? = o?,

(3) the straight lines L' N A*: k = An,

(4) the planes P2NA*: k-e = 0.
Here e € A, and n € A*. The families (3) and (4) correspond to the clas-
sically known exact solutions (4.5) and (4.6), see [11]. For v = 5, there
are five infinite series of such invariant submanifolds and two submanifolds
of equipartition solutions V(¢,x) = £B(t,x)/\/pp. The direct and inverse
cascades do not work for all these solutions since there is no interaction be-
tween their Fourier modes. However, dynamics of plasma is very complex for
the exact periodic solutions (4.1) and (5.8), (5.9). The generic trajectories of
fluid particles for solutions (4.1) and (5.8), (5.9) are dense in 3-D domains, as
for the ABC-flows [13, 14] that belong to the solutions (4.1) for the simplest
case N = 1. The generic exact solutions (4.1) and (5.8), (5.9) depend on all
four variables ¢, z,y, 2 and have no geometrical symmetries.
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