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Abstract

A three-by-three matrix spectral problem for AKNS soliton hierarchy is
introduced and the corresponding Bargmann symmetry constraint involving
in Lax pairs and adjoint Lax pairs is discussed. An explicit new Poisson alge-
bra is proposed and thus the liouville integrability is established for the non-
linearized spatial system and a hierarchy of nonlinearized temporal systems
under the control of the nonlinearized spatial system. The obtained nonlin-
earized Lax systems, in which the nonlinearized spatial system is intimately
related to stationary AKNS flows, lead to a sort of new involutive solutions
to each AKNS soliton equation. Therefore the binary nonlinearization theory
is successfully extended to a case of three-by-three matrix spectral problem
for AKNS hierarchy.

Key words: Symmetry constraint, Binary nonlinearization, Involutive so-
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1 Introduction

Symmetry constraints have aroused an increasing interest in recent few years due to
the important roles they play in soliton theory. Such a kind of very successful sym-
metry constraint method is the nonlinearization technique for Lax pairs of soliton
hierarchies, including mono-nonlinearization [1] [2] and further binary nonlineariza-
tion [3] [4].

In general, one considers the complicated nonlinear problems to be solved in such
a way as breaking nonlinear problems into several linear or smaller ones and then
solving these resulting problems. It is following this idea that one has introduced the
method of Lax pair to study nonlinear soliton equations. The Lax pairs are always
linear with respect to their eigenfunctions. Nevertheless, the nonlinearization tech-
nique puts this original object, the Lax pair, into a nonlinear and more complicated
object, the nonlinearized Lax system. It doesn’t seem to be reasonable enough, but
in fact, it provides an effective way, different from the usual one, to solve soliton
equations. The main reason why the nonlinearization technique takes effect is a kind
of specific symmetry constraints expressed through the variational derivative of the
spectral parameter with respect to the potential. Indeed, much of the excitement



in the study of nonlinearization comes from that kind of symmetries related to the
integrals of motion: the isospectral parameters, of soliton equations.

A similar symmetry constraint procedure for bi-Hamiltonian soliton hierarchies
is presented by Antonowicz and Wojciechowski et al [5] [6] [7] and bi-Hamiltonian
structures for the resulting classical integrable systems can also be worked out
through a Miura map [6] [8]. A connection between these systems and stationary
flows [9] is also given by Tondo [10] for the case of KAV hierarchy. Because station-
ary flows may be interpreted as finite dimensional Hamiltonian systems [9] based
upon the so-called Jacobi-Ostrogradsky coordinates [11], a natural generalization of
nonlinearization technique to higher order symmetry constraints is made by Zeng
[12] [13] for the KdV and Kaup-Newell hierarchies etc. There have also been some
algebraic geometric tricks, proposed by Flaschka et al [14] [15] [16], to deal with
similar nonlinearized Lax pairs called Neumann systems.

The study of the nonlinearization theory leads to a large class of interesting fi-
nite dimensional Liouville integrable Hamiltonian systems which are connected with
soliton hierarchies (for example, see [2] [17]). However in the literature, most results
are presented for the cases of 2 x 2 matrix spectral problems. The present paper is
devoted to the symmetry constraints in binary nonlinearization for a case of 3 x 3
matrix spectral problems. We successfully propose a 3 x 3 matrix spectral prob-
lem for AKNS soliton hierarchy, motivated by a representation of 3 x 3 matrices
for the Lie algebra sl(2). Then in Section 3, we consider the Bargmann symmetry
constraint for the proposed new Lax pairs and adjoint Lax pairs of AKNS soliton
hierarchy and show the Liouville integrability of the resulting nonlinearized spatial
system. In Section 4, we analyze the nonlinearized Lax systems, especially the non-
linearized temporal systems, and establish a sort of involutive solutions to AKNS
soliton equations. Finally in Section 5, some remarks are given.

2 New Lax pairs for AKNS equations

We introduce a three-by-three matrix spectral problem

¢1 o3} —2\ V2¢ 0 o3}
o=\ b2 | =UWN| & |=| V2r 0 V2 2 |, (2.1)
®3 - o3 0 V2r 2\ o3
where the potential u = (¢q,7)7. Its adjoint spectral problem reads as
U U 2N —\V2r 0 1
Vo= 2 | ==U"(wN)| 2 |=] —vV2¢ 0 —V2r Yo | (2:2)
Vs ), V3 0 —v2¢ -2\ (0

Here T" means the transposition of the matrix. Our purpose is to generate AKNS
hierarchy of soliton equations from the above specific spectral problem (2.1). To this
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end, we first solve the adjoint representation equation V, = [U, V]. Take

V=1 V2 0 V2o |=>| V2¢; 0 V2 | (2.3)
0 V2 —2a =0 0 V2¢ —2a

and then we have

2(qgc —rb)  —2v/2(\b + qa) 0
[U,V]=| 2v2(ra+ Xe) 0 —2v/2(A\b + qa)
0 2v/2(ra + Ac) —2(qc — rb)

Therefore we easily find that the adjoint representation equation V, = [U, V] be-
comes
a; = qc—rb, by = —=2\b — 2qa, c, = 2\c+ 2ra,

which is equivalent to

Ajx = qC; — Tbi, bm = —2bi+1 — 2(]@1‘7 Ciz = 20i+1 + 27’@1', 1 Z 0. (24)
We fix the initial values
ag — —1, bo = Cy — 0 (25)
and require that
ai‘u:O = bi‘uzo = Ci‘uzo = 07 { > 17 (26)

which equivalently select constants of integration to be zero. On the other hand, the
above equality (2.4) gives rise to the recursion relation for determining a;, b;, ¢;:

Ajy1 = %3_1((]0@'1 + 7biy),
bi+1 = —%bm — qa;, 7> 0. (27)

_1
Ci+1 = 5Ciz — T'Qj4,

This recursion relation uniquely determines infinitely many sets of polynomials

a;,bi,¢iy i > 1, in u,u,,--- under the requirement (2.6). The first two sets are
as follows
1 1 1
ai y 01 =@, C1L =T5 Q2 2(q7“)a 2 2q C2 27"

In addition, we have

a’+bc=0_ar")P+ O oA aaT) =1,
i=0 =0

1=0

because (a®+bc), = str(V?), = str[U, V?] = 0 and (a® + bc)|u—o = 1. It follows that

a;, b;,c;, 1 > 1, are local.
A direct computation may show that the compatibility conditions of the Lax
pairs
bo = U, ¢, =V, VI =V (u,\) = (X"V),, n >0, (2.8)
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or the adjoint Lax pairs
Ve = =U"0, v, = =(V)"0, n >0, (2.9)

where the symbol + denotes the choice of non-negative power of A\, engenders a
hierarchy of AKNS soliton equations

u = | ¢ =K, = —2bn1 — g " , n >0, (2.10)
" r tn 2cn+1 q

where the Hamiltonian operator J and the recursion operator ¥ read as

(0 =2 B %(9— ro~1q ro~r
/= < 2 0 ) V= < —q0lq  —30+q07'r ) (2.11)

This AKNS hierarchy is exactly the same as one in Ref. [3], which also shows that the
same soliton hierarchy may possess different Lax pairs, even different order spectral
matrices. Here the operator & = W* is a hereditary operator [18], and J and JV¥
constitute a Hamiltonian pair.

Finally, we would like to elucidate the other two properties on AKNS hierarchy
(2.10). First by Corollary 2.1 of Ref. [3], we can obtain

Vi, =[V™. V], n>0 (2.12)

n

when v, = K,, ie. U, — V™ +[U,V®™] =0, n > 0. Second, we can get the
Hamiltonian structure of AKNS hierarchy

. . Cn+1 L 6Hn . 2
utn—Kn—J< by ) —J—éu , Hn—7n+1an+2, n >0, (2.13)

by applying the trace identity [19] [20].

We mention that the algebraic structure hidden in the back of the above 3 x 3
matrix spectral problem is the same as in the case of the 2 x 2 one. However we
shall see that there are different nonlinearized Lax systems derived from them. New
resulting finite dimensional integrable systems involve more dependent variables and
possess richer structures than old ones [3] .

3 Binary nonlinearization related to new spectral
problem

In order to impose the Bargmann symmetry constraint in binary nonlinearization,
we first need to compute the variational derivative of the spectral parameter A with
respect to the potential w, which is shown in the following Lemma [21][3].



Lemma 3.1 Let U(u, \) be a matriz of order s depending on u, u,, -+ and a pa-

rameter X. Suppose that ¢ = (¢1,d2,---, )", ¥ = (Y1,1ha, -+, 1bs)T salisfy the
spectral problem and the adjoint spectral problem

Gz = U(U, )\)Cb, Wy = _UT(uv A)¢7

and set the matriz V = ¢pyp7 = (1) sxs, then we have the following two results:

(i) the variational derivative of the spectral parameter X with respect to the potential
u may be expressed by

oN tr(V3Y) (3.1)
ou  — [ tr(V%—E{)dm’ '
(ii) the matriz V is a solution to the adjoint representation equation V, = [U, V],

ie. Vo = [U,V].

Following (3.1), we have the variational derivative of the spectral parameter for
the spectral problem (2.1) and the adjoint spectral problem (2.2)

O\ 2 S\ 9
5(] \/_(¢2¢1 + ¢31)2), or é_(qﬁﬂﬁz + ¢o13), (3.2)

where E = 2 [%_($191 — ¢3p3)dx. The above variational derivative will serve as a
conserved covariant yielding a specific symmetry used in symmetry constraints.

Let us introduce N (N > 1) distinct eigenvalues A\;, 1 < j < N, and denote by

OV = (915, 025, 035)", DY) = (g, 025, 05) T, 1 < j <N,

the eigenfunctions of (2.8) and the adjoint eigenfunctions of (2.9), i.e

of = Ulu. 2o, v = =UT(uw )0, 1<j < N, (33)
B = VO )00, 9 = —(VIOT (A9, 1< <N (34)

Now we make the Bargmann symmetry constraint

0H,
m)J—ﬁ—szjé (3.5)

where Ej = QfSOw(¢1j¢1j — ¢3j'[b3j)dx, 1< ] < N, and i, 1< j < N, are any
nonzero constants. Because two symmetries in the Bargmann symmetry constraint
are of different types, we will see that it engenders many interesting results. By (3.2),
the above symmetry constraint becomes

¢2]w1j + ¢3Jw2]) )
=J
Z'U’J ( \/_(¢1]1/J2j + ¢2]¢3g)



from which we get the following explicit expression for the potential u

_ ) _ < P,BQy >+ < P, BQs >
U—f(P17P27P37Q17Q27Q3)_\/§< <P2,BQ1 >—|—<P3,BQ2>>. (36)

Here and hereafter, < -,- > denotes the standard inner product of R and

B:diag<:ul>"'7MN)> ( CP;ZZ > - ( ((Zf’izZ?’ZZZ))T )7 1= 17273- (37)

The substitution of (3.6) into the spatial system (3.3) and the temporal systems
(3.4) for n > 0 yields the nonlinearized spatial system:

1 1
¢2j :U<f7)‘]) Qij 7j:1727"'7N7
¢3] 2 ¢3] (38)
(Y (3
,lvz)2j :_UT(faAj) ¢2j 7j:1727"'7N;
(LY R V3;
and the nonlinearized temporal systems for n > 0:
Y b1
P2 =V | 62 | 5=12,---,N,
¢35 /), O3
(3.9)
(Y (Y
ij :_(V(n))T(f7)‘j> ¢2j , J=12-,N.
V3 ), (Y

It is obvious that (3.8) is a system of ordinary differential equations and (3.9) is a
hierarchy of partial differential equations.

Suppose that Z is an expression depending on u and its differentials. From now
on we use Z to denote the expression of Z depending on P;, Q;, 1 < i < 3, and their
differentials after substituting (3.6) into Z, and use Or(Z) to denote the expression
of Z only depending on P;,Q;, 1 < i < 3, themselves after substituting (3.8) into
Z sufficiently many times. Therefore (3.9) may be transformed into the following
systems for n > 0:

®1; ®1;
¢2j :Or(v(n)<f7)\]>) ¢2j ) ] = 1727"'aN7
¢35 /), 3
(3.10)
(Y (Y
¢2j = _(Or(v(n)(fa )‘j>>T 7vaj 5 ] = 1727"'7N7
vsj ), P3;



which are all ordinary differential equations with an independent variable ¢,, because
the matrices Or(V™(f,\;)), n >0, 1 <j < N, only depend on P;,Q;, 1 <i < 3.

We would like to discuss the integrability on the nonlinearized spatial system
(3.8) and the nonlinearized temporal systems (3.10) for n > 0 in the Liouville sense
[22]. We shall utilize the symplectic structure w? on R%Y

3 N 3
w? =D pidey A dip; = > (BdP) AdQ;, (3.11)
i=0 j=0 i=0
by which one can define the corresponding Poisson bracket for two functions F,G
defined over the phase space R

{F,.G} = W*(IdG,IdF) = w*(Xg, XF)
el OF oG OF 0G
-1 .
L 2t Gy By 06y 00y

i=1j=1
2. OF oG . _OF

- < 2 o

=90, op, op,

oG
Qi

where IdH = Xpg denotes the Hamiltonian vector field with energy H determined
by

Bfl

>), (3.12)

WX, IdH) = w*(X, Xy) = dH(X), X € T(R™),

and the corresponding Hamiltonian system with the Hamiltonian function H
i = IdH(z) = de(IdH) = w*{IdH, Idz} = {x, H}, x € R, (3.13)

which possesses an explicit formulation

. oOH
o —1
=-5"50

Note that there are some authors who use the other Poisson bracket {F,G} =
w?(XF, Xg). As remarked by Carroll [23], it doesn’t matter of course but each type
has many proponents and hence one must be careful of minus signs in reading various
sources. The notation we accept here is the Arnold’s one [24].

0H

.i:B_l
JQ 83’

i=1,23. (3.14)

Theorem 3.1 The following functions
- 3
Fy=3 oithij, 1<j <N, (3.15)
i=1

are all integrals of motion for the nonlinearized spatial system (3.8). Moreover they
are in involution under the Poisson bracket (3.12) and independent over the region

3
Q={R%| ¢y, v €R, D (¢7; + 7)) #0, 1 < j < N}
=1



Proof: Let
V() = (drij)ki=1,23, 1 < j < N.
We can first find that

Fj = tr(V()\]))
On the other hand, by Lemma 3.1 we know that V'();) satisfies

V()\j)x = [U(ﬁv >‘j)> ()‘j>]

when (3.8) holds, and thus

]

o = (tr(V(X))e = tr

(U@ ), V()

which shows that Fj, 1 < j < N, are all integrals of motion for the nonlinearized
spatial system (3.8). In addition, it is very easy to prove that

(
0,

(Fo,}} =0, 1<k, 1< N,

which means Fj, 1 < j < N, are in involution. It is also obvious that gradFj, 1<
j < N, are everywhere functionally independent over {2 by observing that

Vi 0
- Yio
OF _ L
( W%kl )k7l:1,-~7N - , L= 172737
0 Yin
bi1 0
; Piz
oF, _ L
( 31&5 )k,lzl,---7N o y 1=1,2,3.
0 Pin
The proof is completed. 1
Throughout our paper, we assume that
A:diag(/\l,)\g,"'7/\]v). (316)

If all elements Z;;, 1 <14,j < s of a given matrix Z = (Zij>s><s are polynomials in
N doe Zy =Yk, Zijk)\k , for convenience of presentation, we define a new matrix
called M4(Z) as follows

My(Z) = (i ZiikAF) snsn- (3.17)

Moreover we often adopt compact forms, for example,

0 0 0

= T A = A ) T ;_
aPZ _(aQS“’ 78¢@N) ’ {‘PZ’H}_({¢117H}7 7{¢1N7H}) ) 2_1a273'




Theorem 3.2 We have the explicit integrals of motion for the nonlinearized spatial
system (3.8):
Fy = =8(< P,,BQ, > — < P;, BQ3 >),
Fn,=4Y"1 (< A71P, BQ, > — < A7LP;, BQs >) x
(< Am=1P BQ, > — < A 1Py, BQs >)
+2(< AP, BQy > + < APy, BQ3 >)
(< APy BQy > + < A™ Py, BQo >)]
—8(< A™7IP,BQ, > — < A™1P;, BQ3 >), m > 2,

(3.18)

where P;, Q;, B are defined by (3.7). Moreover they constitute an involutive system
together with F;, 1 < j < N, under the Poisson bracket (3.12), i.e.

{Fo, B} ={F,,F;} =0, m,k,l>1, 1<j<N.

Proof: We assume that

G =V2(< P,BQy >+ < Py, BQ3 >), # = V2(< Py, BQ; > + < Py, BQy >);

o= —1, by = & = 0;
&iJrl =< AiplvBQl > =< AiP?HBQ?) >, [ Z 07
bi1 = V2(< AP, BQy > + < A'Py, BQ3 >), i > 0, (3.19)

éi+1 = \/§<< AiPQ,BQl >+ < AiP3, BQQ >), 1> 0.

Further we choose that

) —2X V2§ 0 ) 2 V20 0
U=| V2 0 V24 |.V=|+v2e 0 V2 |, (3.20)
0  V2r 2\ 0 26 —2a

where G, b and é are defined by
a=>a ", b= b7 e=Y AT
i=0 i=0 =0
It may be shown that when the nonlinearized spatial system (3.8) holds, we have
V, = [U, V], ie. ay = Gé— b, by = —2Xb — 24a, ¢, = 2\¢ + 27a.

Therefore we can compute that

3 [ L oo L oo

F, = (Etr(V )z = itr(V o = §tr[U, Vi =0.

On the other hand, we have

F=4(a+be) =Y F ™ Fo=4, Fpy =43 (i + biém_i), m > 1.
=0

m=0



Hence F,,, m > 1, are all integrals of motion for the nonlinearized spatial system
(3.8).

Now we turn to the involutivity of integrals of motion. We take
VO0) = )

and construct a temporal system for n > 0

P ) P Q1 R Q1
P, = MA(V(H)) P, | Qo = _(MA(V(R)))T Q2 |, (3.21)
P, Py Qs . Qs

where M4 (V™). n > 0, are determined in the way as (3.17). We can first prove that
when this system (3.21) holds, we have

(Ve = VPN, V().

Therefore F,,,, m > 1, are also integrals of motion for the system (3.21). Secondly,
we can verify that

B oL B~ ltr(V 525 V) N 0,
B2E | = | Be(VagV) | = D (Ma(VE)" [ @ [ A,
B2k Blu(Vav)y) ™ Qs
B! ggl B~ltr(V5-V) N P,
B | = | Be(VogV) | = S (Ma(V)) | P [ A
B~ 1805 Bfltr(f/%@gf/) m= Py

These two equalities show that the system (3.21) for n > 0 are all Hamiltonian
systems with Hamiltonian functions —F},, ;. Therefore

d
{Fm+17 _FTL-‘rl} = %Fm—‘rl = 07 m,n > 07

which shows the involutivity of F,,,, m > 1. In addition, it is easy to get that

6Fk 0Fy,

a) =0, k>1 1<I<N,
a,lvbz l 8¢zl¢l)

{Fkal} Zﬂ_l

noting the particular form of Fj, k > 1. The proof is finished. I

Because we have V2()\;) = tr(V(\)V(N), 1 < j < N, V3 = Itr(VHV, we
cannot obtain new integrals of motion of the nonlinearized spatial system (3.8) from
the trace of other power of V(});) and V. It is also interesting to observe that the
determinants of the matrices V(\;), 1 < j < N, and V are all zero.
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Note that the above proof provides, in fact, us a way to construct involutive
integrals of motion of the nonlinearized spatial system through the adjoint represen-
tation equation. To calculate integrals of motion, we have assumed that the potential
u vanishes at infinity and thus we have a simple formula W(6\/0u) = A(0A/du) lead-
ing to explicit expressions a;, l;i, ¢;, © > 0, of the functions a;, b;, ¢;, © > 0, under
the symmetry constraint (3.5) and the nonlinearized spatial system (3.8). This for-
mula doesn’t, in general, hold for the potential with non-zero boundary condition.
Therefore precise expressions of various quantities need to add some extra terms.
We will see this in the next section.

The proof of the above theorem also gives rise to a kind of Lax representations
of the nonlinearized Lax systems. It is easy to see that a, b, ¢ have the compact

forms
N
R N L4
a=>y_ J_'uj (P1j¢1; — ¢35035) — 1,
=P DY
N
R Mo L
b= V2 Y S (Gjuhn; + duty).
j=1 J
N
. Mo Ll
¢=Va3 5 i”ij (2501, + Gathay).
J:

which lead to an expression of finite form for V. Therefore we obtain a Lax repre-
sentation of the nonlinearized spatial system (3.8): V, = [U, V] where U, V defined
by (3.20), and Lax representations of the nonlinearized temporal systems (3.10):
Vi, = [V V] where V(® = (A"V),. Strictly speaking, this kind of Lax rep-
resentations are only necessary but not sufficient. The reason is that we haven’t
an injective Gateaux derivative operator of V, namely that we can’t get zero vec-
tor field K = (Ki,---, Kgn)" = 0 from V'[K] = 0. Moreover Lax representations
V;, = [V V] of the nonlinearized temporal systems (3.10) hold only under the zero
boundary condition, because the nonlinearized temporal systems (3.10) are equiv-
alently reduced to (3.21) under the zero boundary condition. However this kind of
necessary Lax representations has extensively been considered [25] [26], and used for
constructing r-matrices (sometimes possibly dynamical) and canonically conjugate
variables [27] [28] and for considering separation of variables [29] [28] of the resulting
finite dimensional Hamiltonian systems.

The following theorem is important to show the integrability of the nonlinearized
Lax systems in the Liouville sense.

Theorem 3.3 The functions Fj,, 1 <k < N, F,, 1 <m < 2N, are functionally
independent over some region of RY and thus constitute an involutive system of
independent functions over some region of RV .

Proof: Suppose that the result of the theorem is not true, that is to say, there
doesn’t exist any region of RY over which the functions F,, 1 <k < N, F,,, 1 <
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m < 2N, can be functionally independent. Therefore there exist 3N constants ay,
1<k<N, B, 1<m<2N, satisfying

N 2N
doai+ > B, #0, (3.22)
k=1 m=1

so that we have for all points in R®

i MTMTMT+2§ﬁ oF\" (0F\" (9F.\") _,

k:1ak orP, ) "\oP,) '\0P; —m\\opr ) T\ory ) T\ 0P -

(3.23)

In order to arise a contradiction, we will utilize the following equalities, which may
directly be worked out,

= k
OF; .
8PI: Py=P3=0 :<O7 e 707%‘1@: 07 o 70) T, 1= 1, 2, 3,
G| _p o = ST < A™TULPy, BQy > ATIBQ, — 8A™TIBQ,
Ol =8Y M (< A" Py, BQy > AT BQs+ < APy, BQs > A" BQy),
2 |Pi=P3=0
S pyp o = 8T < ATIP, BQs > A™TTBQy + 8A™ BQs.

Here 1 <k < N, 1 <m < 2N and we accept that the sum terms take zero value
when m = 1. First of all, the equality (3.23) upon choosing P, = P; = Q1 = Q3 =0
leads to

(07...’()’al%h...’aNq/)QN’Q’...’())T = 0.

This means o, - - -, any must equal to zero and thus

o (<8Fm>T (aFm>T <aFm>T) o .20
= oP, ) "\ 0P,) '\ OPs R
And then we choose P, = 0. The above equality (3.24) yields
2N
3 BuAr Tt =0,1<j<N. (3.25)
m=1

Now after choosing Q3 = 0, Q)1 = Q3, the equality (3.24) can give rise to

2N
Y (m—=1)p3A?=0, 1<j<N. (3.26)

m=2

We observe the system of algebraic equations: (3.25) and (3.26). To the end, we
define a polynomial P(\) by

2N
P\ =) B A™ L
m=1
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The equalities (3.25) and (3.26) mean that P(\;) =0, P'(A;) =0, 1 < j < N, which
implies P(A) has 2N roots. But P(\) is only a polynomial with degree 2N — 1 and
thus it must be zero. So we have (,, =0, 1 < m < 2N. In fact, by the mathematical
induction we can give a formula for the coefficient determinant, denoted by C(N),
of (3.25) and (3.26)

1 A\ )\% .. )\%N_l
1 Ay 22 A2N-1 1 _
C N = N N _ =(—1 QN(N 1 >\7, )\ 47
(N) 0 1 2\ - (2N —1)AN2 (=1) ISESN( i)
0 1 2\y --- (2N —1)\3N2

because we have the relation
C(N) = (=) ANV DO(N = 1) + less order terms of Ay,
by Laplace expansion for N-th and 2N-th rows, and the equalities

diC(N)

Wb‘N:)‘j:O’ ]_SZS?), 1§]§N—1

Therefore we finally obtain all zero constants: a, =0, 1 < k< N, (3, =0, 1 <
m < 2N. This contradicts to the statement at the beginning of the proof. Therefore
the functions Fj, 1 <k < N, F,,, 1 <m < 2N, may be functionally independent
at least on certain region of R%Y. The proof is finished. 1

The independence of integrals of motion may also be shown by computer algebra
system. For example, we can calculate that

D(1) = (16¢11¢11y; + 16¢5105131 — 3201197 Y131
+3200101105, V31 — 320510118015, — 647, U3, )}

and that
D(2) = (—256A3 + 2563 — 768\ A2 + T68AZ\o) 11 115,

when we choose

¢11 - 17 ¢12 = 07 ¢21 = Oa ¢22 - _17 ¢31 = 07 ¢32 = Oa
Y11 =0, Y12 =—1, Yo =1, o =0, 931 =0, ¥z = —1.

Here D(N) is defined by
(gradp, )" (gradp, )" (gradp, )"

(gradple)T (gradPQFN)T (gradP3FN)T
(gradp F1)"  (gradp, F1)T  (gradp, Fy)T

(gradp Fon)"  (gradp, Fon)"  (gradp, Fon)”
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with gradp, G = g—g, t = 1,2,3. These are consequences of computation by the
computer algebra system MuPAD [30]. More generally, we can similarly show the
involutivity of the functions F},, 1 <k < N, F, FE; ., where iy, ---,ioy are 2N

19" Ty Ligns
distinct integers.

Let us now give a result about the integrability for the nonlinearized spatial
system (3.8), which now needs just a direct computation.

Theorem 3.4 The nonlinearized spatial system (3.8) may be rewritten as a Liou-
ville integrable Hamiltonian system

0OH
0Q;’

with the Hamiltonian function

oH

]Dix: B;H :_B_l
(. H} -

Qiz ={Qi,H} =B

L i=1,2,3 (3.27)

H:2(< APl,BQl > — <AP3,BQ3 >)
—2(< P, BQy > 4 < P2, BQ3 >)(< P, BQ1 > + < P5, BQy >) = —1F, + 5 F{.

Thus it possesses a hierarchy of involutive integrals of motion F;, 1 < j < N, Fy,, m >
1, of which Fy,, 1<k <N, F,, 1<m <2N, are functionally independent.

We point out that our integrable system (3.27) and involutive system (3.18)
are all completely different from ones related to the original 2 x 2 Lax pairs [3]. It
seems to us that there aren’t any relation between them. The existence of various
associated finite dimensional integrable systems also shows the diversity of solutions
to AKNS equations. The symmetry constraints (3.5) considered here is a general
linear combination of the specific symmetries J(dA;/0u), 1 < j < N, and thus
the resulting nonlinearized Lax systems correspond to a non-standard canonical
structure (3.11).

4  Involutive solutions

The aim of this section is to further discuss some properties on the nonlinearized
spatial system (3.8) and the nonlinearized spatial system (3.10) and to establish a
kind of involutive solutions with separated variables for AKNS soliton equations.

Lemma 4.1 When ¢ = (¢, ¢, ¢3)T and 1 = (1,109, 13)T satisfy the spectral prob-
lem (2.1) and the adjoint spectral problem (2.2), we have

Oath1 + P3P2 | Path1 + P32 r
\Ij<¢1¢2+¢2¢3>_)\<¢1¢2+¢2¢3>+I<Q>’ (4.1)
where U is defined by (2.11) and I is an integral of motion for (2.1) and (2.2).

14



Proof: From the spectral problem (2.1) and the adjoint spectral problem (2.2), we
can find that

Op1ihr — daths) = V2q(Bathr + d312) — V2r(d192 + Patfs).

This yields
1
V2

where [ is an integrals of motion for (2.1) and (2.2). The relation (4.1) follows from

O —q(dathr + B312) + r(P11hs + paths)] = (D191 — Pp3tps) + 1,

the above equality. I
We recall that Z denotes the expression of Z depending on P;, Q;, 1 < i < 3, and

their differentials after the substitution of (3.6) and into Z, and that Or(Z) denotes
the expression of Z only depending on P;,Q;, 1 < i < 3, themselves after the
substitution of (3.8) into Z sufficiently many times. A general result on a;, b;, ¢;, i >
1, is given in the following theorem.

Theorem 4.1 We have the explicit expressions for Gy, by, Cn,m > 1:

am+1 = ZIZ(< Am_ipl,BQl > =< Am_ipg,BQg >) — Im—i—la m > 0, (42)
=0
bp1 = V23 L(< A"'P,BQy > + < APy, BQs >), m >0,  (4.3)

1=0

Cnp1 = V23 Li(< A"7'Py, BQy > + < APy, BQy >), m >0, (4.4)
=0

provided that the nonlinearized spatial system (3.8) is satisfied. Here I,,, m > 0, are
defined by

Iy=1,1,=) d, > F,---F,, m>1, (4.5)
= i1+ tin=m
i1, in>1

where the constants d,,, n > 0, are determined recursively by
dl - _éa d2 - %7
151 1 1 \x~n—2 (4.6)
dn = —5 300 didpi — 3dyn1 — g 2205 didy i1, m 2> 3,

and the functions F,,, m > 1, are given by (3.18).

Proof: By the recursion relation (2.7) and Lemma (4.1), we can obtain that
Gt \ _gm [T\ _m [ V2A< P2 BQi>+ < Py, BQy>)
q V2(< Py, BQay > + < Py, BQ3 >)

_ il \/§(< Am_l:P%BQl >+ < Am_l:PZ% BQ2 >) m>0
U\ V2(<A™TPLBQy > + < A™TPL,BQs >) )T T

bm+1

15



where Iy = 1 and I;, 1 <17 < m, are integrals of motion for the nonlinearized spatial
system (3.8). Now we compute G,,11, m > 0, by [

= = 2bm+1 2q Ay M 2 0.
Noting (3.8), we have for m > 0

El \/ili(<

Amiiilplxa BQQ >+ < Amiiilpla BQ2QZ >

+ < A"IPy BQs > 4+ < APy, BQs, >)

Z (< —2A™7P  BQy > 4+ < AP —V/24BQ; >
=0
+ < V2GA™ TPy BQs > 4+ < AMTIP, —2ABQs >)
m—1
= —2bpq1 — QE]V(Z Li(< AP BQ > — < APy, BQs >) — [m)a

1=0

from which (4.2) follows.

In the following we determine the integrals of motion [,,, m > 0, by a relation

a’+be=1, a—Zal)\ ' b—ZbA" =Y G\
=0 =0
which gives rise to

m—1

2y, = Y (@i + biCni), m > 2. (4.7)
=1

First from a; = 0 we have
1
I =< P, BQ, > — < P, BQ3 >= _éFla

which shows d; = —%. Now we suppose m > 2. At this moment, we have by (4.7)

m—1
2 Liay,—; — 21,
i=0
m—1 +—1 m—i—1
= O Lk — L)Y Liam—izg — L)
i=1 k=0 1=0
m—11—1 R m—i—1
+ bk D> Liém—iy, m > 2,
i=1 k=0 1=0

where a;, b, &, i > 1, are given by (3.19). After interchanging the summing in the
above equality, i.e.

m—1 1@

M‘-
M\

i=1 k=0 k=0 i=k+1 1



we may arrive at

2 (m—2)—k m—(1+1)

m—1 m—
—2I, = Z Ll + Z Z [kIl CI,Z kOm—i— l+bz kCrm—i— l)
=1 k=0 i=k+1
m—2 m—1 m—2m—I—1
[k[mzazk_z Z[ljamzl_zzlamz

k=0 i=k+1 =

= Bl+BQ+Bg+B4+B5, m Z 2 (48)

Further we have
m72 m
By = — Z + Ik: m—iCi—k

k=0 i=k+2 i=k+1 i=m
m—2 m m—2 m—2

= — Z Iid a1 — Z Lidp a1 + Z [
k=0 i=k+2 k=0 k=0
m—2 (m—2)—k: m—2

= - T DG (k1) Z Il g161 + Y Tplimr,
k=0 =0 k=0
m—2 m—[-2

B4 = — Z( Z - + )]l[i&m—i—l

=0 =0 =0 i=m—I-1
m—2 (m—2)—k m—2 m—2

= — I Dy, — ety + Z LGy, — Z Ll —10,.
k=0 =0 1=0 1=0

Therefore the latter three terms in the right hand side of (4.8) becomes

Bg+B4+B5 —2 Z Z IkIlam (k+1) Z IkIlFl.
k=0 - k+l=m—1
k,1>0

In this way, from (4.8) we obtain

1 ml 1 2 m 2=k 1
L, = _*ZIIm z_gz Z —(k+1) — 8 Z I L Fy
k=0 =0 kHl=m—1
k>0
17 1
= —= Z [[m i — = Z Ik[lFm—(k—l—l)u m Z 2, (49)
k+l1<m-—1
k>0
by which we can determine any [,,, m > 2, starting with [; = —%Fl. It is not

difficult to find a homogeneous property among the terms of (4.9). Thus we may
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assume that .
Im:Zdn Z F,---F, , m>2.

=1 . .
" 11+ tin=m

11, in>1

In general, the coefficients d,,, 1 < n < m, should depend on m. But the following
deduction implies that this assumption is possible. First from (4.9) we easily have
I,=-3F2_— %FQ, which leads to dy = 2. When m > 3, (4.9) becomes

1 m—l 1 1 m_l 1
I, = -3 > Ll i—=Fn—=> LiFn—= Y LLF, g, (4.10)
Pt 8 4 8
k+i<m-—1
ki>1

in which the coefficients of the F|™ yields the recursion relation (4.6). In what follows,
we want to prove that I,,, m > 0, determined above satisfy the relation (4.10),
indeed. This may be shown by combining the following three equalities. First we
have

m—1 m—1 3 —1
M= S 4 Y BeRSYd Y BeR
i=1 i=1 k= . L = . . .
7 ) k=1 it =i =1 it =m—i
i1yt 21 Ji,engi>l

- ddy Y FyoFy Y Eyo

i14-Fip=i Jitetji=m—i
i1, >1 Jrnq>l

= ' did, Z F, - F, Z Fj, - F

k=1 1=1 i=k it =i et j=m—i
i1yt 21 Jiy g2l
m
=> > ddr Y FE,---F,
n=2 k+l=n i14Fip=m
ki>1 i1,ein>1

Similarly we can get the other two equalities

m—1 m
Z[kafk:Zdnfl Z E1En7
k=1 n=2

i1+ +in=m

i1, ytn>1
m—1
Y. LhFagwy=) > didj Y, FF
kti<m—1 =2 ti=n A
ki>1 ig>1 i yeeing >1
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Therefore the proof is finished. I

In the proof of the above theorem, aj, Z~),», ¢i, © > 0, are the expressions of
a;, b;, c;;, © > 0, corresponding to non-zero boundary condition on the potential
u under which the equality W(dA/du) = A(dA/du) doesn’t hold. Note that under
zero boundary condition, we have W(dA/d0u) = A(0A/du) and thus the expressions
of a;, b;, ¢;, 1 >0, are just the functions a;, IA)i, ¢, 1> 0.

Theorem 4.2 If P, and Q;, 1 < i < 3, solve the nonlinearized spatial system (3.8),
then there exist N integrals of motion o, 0 < i < N — 1, of (3.8) such that

¢ =V2(< P,,BQy > + < P, BQs >), 7 = V2(< Py, BQ, > + < P35, BQ, >)

solve the following N-th order stationary AKNS equation

N-1

KN+ Z&iKZ’ZO,

1=0

where K;, 0 <1< N, are defined by (2.10).

Proof: Noting that the expressions (4.3) and (4.4) of bisq, G1, @ > 0, we can
compute that

ZOZZ‘KZ‘:ZO(Z‘J<~H_1>

: i+1
al V2(< Ai7iPy BQy > + < APy, BQ, >)

_JZO{Z§[<\/_< At~ JP17BQ2>+<A1 ]PQ,BQ3>))

=

N i N
_ , , - Qo 1k + O3kYok
=V e i3 N ( Dok + Goitise )

i=0 j=0 k=1
N N i

_ FRY GorP1k + P3rtak

N \@sz::l Mk (Z(:J;J lidy j) ( Grithar + Gartsk >
N N N

_ A 1 [ Dbk + P3rar

N \/éjkgl . g(g - l))\ ( GreVak + Oartsk >

Secondly we set
N A N-1 A
G\ = H()\ —\N) = Zﬂi/\’ =\ + Z Bi\'.
; i=0 i=0
Let us now choose

N
Y il =0, 0<1I<N,

1=l
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which determines recursively

N
ay=0v=1 a=0—- > al, 0<I<N-1,
i=l+1

due to Iy = 1. The a;, 0 < i < N — 1, are all integrals of motion of (3.8) since they
are func/tvions of I;; 0 <7 < N. Further by G(\;) =0, 1 < k < N, we see that
SN i = 0, which completes the proof. 1

The above theorem also implies that the potential determined by the Bargmann
symmetry constraint (3.5) is a finite gap potential of the spectral problem (2.1). It
is worth saying that the coefficients «;, 1 < i < N — 1, in the stationary equations
are generally not constants (just integrals of motion).

Theorem 4.3 Under the control of the nonlinearized spatial system (3.8), the non-
linearized temporal systems (3.9) for n > 0 can also be rewritten as the Hamiltonian
systems

0H, _O0H, |
Py, ={P,H,} =-B" 8Q4 . Qu, ={Qi, H,} = B~ R i=1,2,3 (4.11)
with the Hamiltonian functions
1 n
H, = ZZ 1 Z El"'Fierl?nZOa

i1+ Fimp1=n+1
11, imt1>1

where dg = 1 and F,,, m > 1, are defined by (3.18).

Proof: We only prove the former equality of (4.11). We know that under the control
of the nonlinearized spatial system (3.8), the results in Theorem 4.1 holds. Hence
we have

Pltn - 2 ZazAnilpl + ﬁZBzAnilPQ

n 1—1 n 1—1
= 2A"P +2Y (3 Liai g — LA P+ V2Y N Ly AR
=1 k=0 1= lk 0
= —QZ[kA" kpl+sz Z 26 5 A" ZPH—ZIk Z V2b;_, APy
k=0 i=k+1 k=0 i=k+1
8F1 1n 1 8F —k+1 8F k-l—l
= fInBl +-N 't/ N
4 9Q, Z g 9Q, Z g 9Q,
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where a;, b;, i > 1, are given by (3.19). We further note the expression of I,,,, m > 0,
defined by (4.5) and then we may make the following performance

1 OF, .1 1 & OF, k11
P, = -—I,ptz=rtl d, F, .- F, B~1Z22ttl
D L P P DL DR LR e )
11+ tim=
i1,yim>1
1 OF, 1 1 & L _ OF, —k+1
= B 'L N F, ---F, B~'1Z=~
IR P LD DD D N )
11+ tim=
i1,y tm>1
1 OF,. ., 1 d 0
_ 7]371 n+ - m -1 FZE
4 0 8@1 +4m:1m+1 aQ Z 1 m+1
i1+ +imp1=n+1
11, tm41>1
1 o I d, OH,

= B! F,---F, . =—B!
4 an mz::O m+1 Z ! m an
i1+ Fimgp1=n+1

11, m41 21

where we have accepted dy = 1. The above manipulation is fulfilled for the case of
n > 1. The case of n = 1 needs only a simple calculation. Thus the former equality
of (4.11) is true for n > 0. The latter equality of (4.11) may be proved similarly.
The proof is completed. |

The above theorem permits us to establish a sort of involutive solutions to AKNS
soliton equations, which exhibits a kind of separation of variables for AKNS soliton
equations. This is the following result.

Theorem 4.4 Then-th AKNS soliton equation u;, = K, has the involutive solution
with separated variables x,t,

q = V2(< gh9, P1(0,0), Bggrgii, Q2(0,0) >

+ < gh91, P2(0,0), Bgti g, Q3(0,0) >),
r = V2(< ghgi, P2(0,0), Bggrgi, @1(0,0) >

+ < gh95, P3(0,0), Bgirgg: @2(0,0) >).

where g denotes the Hamiltonian phase flow of G with a variable y and P;(0,0)
and Q;(0,0), 1 <1i <3, may be arbitrary initial value vectors.

(4.12)

Proof: Let

Pi(x,t,) = gh9g, Pi(0,0), Qi(z,t,) = ghgr, Q:i(0,0), 1 <i < 3.

Then Pj(z,t,) and Q;(x,t,), 1 < i < 3, solve the nonlinearized spatial system
(3.8) and the Hamiltonian system (4.11). However under the control of (3.8), (4.11)
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is equivalent to the nonlinearized temporal system (3.9). This shows that P;(z,t,)
and Q;(z,t,) also solve (3.8) and (3.9), simultaneously. Therefore the compatibility
condition of (3.8) and (3.9) is satisfied, i.e. (4.12) determines a solution to u;, = K.
In addition, since {H, H, } = 0, the Hamiltonian phase flows g7, gﬁ;’" may commute
with each other. It follows that the resulting solution (4.12) is involutive. The proof
is finished. I

5 Conclusions and remarks

We have introduced a three-by-three matrix spectral problem for the usual AKNS
soliton hierarchy and proposed the corresponding Bargmann symmetry constraint
on this AKNS hierarchy. Moreover we have exhibited an explicit Poisson algebra

{F;;1<j <N, F,, m>1} (5.1)

on the symplectic manifold (R®*",w?) and further a binary nonlinearization proce-
dure is manipulated along with a sort of involutive solutions to AKNS soliton equa-
tions. We have also proved rigorously that this Poisson algebra suffices for proving
complete integrability of the nonlinearized Lax systems and thus the nonlinearized
spatial system (3.8) and the nonlinearized temporal systems (3.10) are all integrable
in the Liouville sense, indeed. Lax representations for the nonlinearized Lax systems
are obtained as a product.

The above Poisson algebra is different from one given in Ref. [3]. It possesses a
combined matrix B coming from a general symmetry constraint and the resulting in-
tegrable systems has non-standard canonical structures. To the authors’ knowledge.
this kind of results is introduced for the first time.

It is well known that there are a lot of results about nonlinearization of scalar
spectral problems or 2 x 2 matrix spectral problems but there are few results in the
case of 3 X 3 matrix spectral problems. In this paper, we focus our discussion mainly
on binary nonlinearization on a 3 x 3 matrix spectral problem and the integrability
of the resulting nonlinearized Lax systems. We have successfully extended the binary
nonlinearization theory to that 3 x 3 matrix spectral problem for AKNS hierarchy.
Furthermore based upon the obtained Lax representations, we may also construct
r-matrices and canonically conjugate variables and discuss separation of variables
for the nonlinearized Lax systems, which will be left to a future publication.

It should also be pointed out that the Neumann symmetry constraint and the
higher order symmetry constraints
O N 6N
L Ky =JGy =JY E;——L, (m>1), (5.2)
J

u’ — " du’ -

N
K_l :JZE]

J=1
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may be considered. These sorts of symmetry constraints are somewhat different from
the Bargmann symmetry constraints because K _; is a constant vector and the con-
served covariants G,,,, m > 1, involve the differential of the potential u with respect
to the space variable z. In order to discuss them, we are required to introduce a
new symplectic submanifold of the Euclidean spaces in the case of the Neumann
constraint and new dependent variables, i.e. the so-called Jacobi-Ostrogradsky co-
ordinates [11], in the case of higher order constraints. Similarly, we can consider
the corresponding 7-symmetry (time first order dependent symmetry) constraints
or more generally, time polynomial dependent symmetry constraints. Note that the
similar Bargmann symmetry constraints have also been carefully analyzed for KP
hierarchy [31] and the symmetries in the right hand side of the Bargmann symmetry
constraints may be taken as sources of soliton equations [32].

We remark that the finite dimensional Hamiltonian systems generated by nonlin-
earization technique depend on the starting spectral problems. Therefore the same
soliton equation may relate to different finite dimensional Hamiltonian systems once
it possesses different Lax representations. AKNS soliton equations are exactly such
examples. But we don’t know if there exists an interrelation among the different
finite dimensional Hamiltonian systems generated from the same soliton equation.
In the binary nonlinearization procedure itself, there also exist some intriguing open
problems. For example, why do the nonlinearized spatial system and the nonlin-
earized temporal systems for n > 0 under the control of the nonlinearized spatial
system always possess Hamiltonian structures? We don’t know either whether or
not the nonlinearized temporal systems for n > 0 are themselves integrable soliton
equations without the control of the nonlinearized spatial system. These problems
are worth studying in order to enrich integrable structures of soliton equations.
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