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Abstract

An integrable theory is developed for the perturbation equations engendered from
small disturbances of solutions. It includes various integrable properties of the pertur-
bation equations, such as hereditary recursion operators, master symmetries, linear
representations (Lax and zero curvature representations) and Hamiltonian structures
and provides us with a method for generating hereditary operators, Hamiltonian op-
erators and symplectic operators starting from the known ones. The resulting pertur-
bation equations give rise to a sort of integrable coupling of soliton equations. Two
examples (MKdV hierarchy and KP equation) are carefully carried out.

1 Introduction

Integrable nonlinear wave or evolution equations (such as KdV, NLS, SG and KP equa-
tions) are ideal mathematical models of real physical phenomena although they play an
outstanding role in physical problems. Therefore for these equations we often need to take
into account the effect of small perturbation so that their applicability may be extended
to higher order nonlinearity or larger amplitude waves. There are two main kinds of per-
turbation worthy studying for integrable equations. One is the perturbation situation of
integrable equations themselves and the other is the perturbation situation of solutions of
the original unperturbed integrable equations. They all can provide approximate solutions
to real physical problems.

In the context of soliton perturbation, what one usually considers is the first kind
of perturbation situation. There have been quite a few powerful techniques for dealing
with this kind of perturbation (see [1] [2] [3] [4] [5] and references therein). Various
perturbed cases of integrable equations have been considered, including the perturbed
KdV and MKdV equations[3] (6] [7]’ the perturbed nonlinear Schrodinger equation[g] [9},
the perturbed Burgers equation[lo] and the perturbed Benjamin-Ono equation[ll] etc. A
detailed survey for this kind of perturbation theory based upon the inverse scattering
transformation was provided by Kivshar and Malomed [12]. However there do not exist
so many works devoted to the second kind of perturbation situation. Among them are
the following. Tamizhmani and Lakshmanan considered the complete integrability of the

(13]

perturbed equations by small disturbance of solutions of KdV equation!*!. We analyzed

the similar perturbation situation of the whole KdV integrable hierarchy and pointed out
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[14], Recently it has been observed

a mistake in Ref. [13] for the Hamiltonian structure
by Kraenkel et al. that a multiple time scale expansion may relate the solutions of long

surface water-waves and the Boussinesq equation to KdV integrable hierarchy[15] [16],

In this paper we consider the second kind of perturbation. Mathematically, this kind
of perturbation yields interesting results. For example, we shall show that it preserves
complete integrability. In other words, the equations generated by the perturbation are
still integrable and thus give rise to new examples of integrable equations. Moreover they
are all special integrable coupling of the original integrable equations.

We now introduce our notation and conception. Some notation comes from Refs. [17],
[18], [19]. Let M = M(u) be a suitable manifold possessing a manifold variable u (we
write u as a column vector) and My = My(fy) be another suitable manifold possessing
a manifold variable fy = (ng,n{,--~,77%)T, N > 1, where n;, 0 < i < N, are column
vectors and T means the transpose of matrices. Assume that T(M),T(My) denote the
tangent bundles on M and My, T*(M),T*(My) denote the cotangent bundles on M
and My, and C°°(M), C°°(My) denote the spaces of smooth functions on M and My,
respectively. Throughout this paper we require that the column vector n; (0 < i < N) has
the same dimension as the column vector u. Therefore we have n; € R? (0 < ¢ < N) when
u € RY. Further let 77 (M) be the s-times co- and r-times contravariant tensor bundle
and (17 )y (M), the space of s-times co- and r-times contravariant tensors at v € M. We
use X (u) (not X|,) to denote a tensor of X € T7 (M) at w € M but sometimes we omit
the point u for convenience if there is no chance of confusion. Note that linear maps
®:T(M) - T(M),V :T*(M) - T*(M), J: T*(M) - T(M), © : T(M) — T*(M)
may be identified with the second degree tensor fields Ty € T} (M), Ty € TH(M), Ty €
T2(M), To € TY(M) by the following relations1920]

To(u)(a(u), K(u) =< a(u), ®(u)K(u) >, a € T*(M), K € T(M),
Ty (u)(a(u), K(u) =< ¥(u)a(u), K(u) >, a € T*(M), K € T(M),
T () (@(w), Bw) =< a(w), J(W)B) >, a,F € T*(M),
To(u)(K(u),S(u)) =< O(u)K(u),S(u) >, K,SeT(M),

where < -,- > denotes the duality between cotangent vectors and tangent vectors.

A basic tool to handle various kinds of tensor fields is the conception of the Gateaux
derivative. For a tensor field X € T] (M), its Gateaux derivative at the direction S € T'(M)

is defined by
0X (u+eS(u))
X)) = T (1)
e=0
For four kinds of operator between the tangent bundle and the cotangent bundle, their
Gateaux derivatives may be given similarly or by means of their tensor fields. The com-

mutator of two vector fields K, S € T(M) and the adjoint map adx are defined by

K, 8] (u) = K'(uw)[S(u)] = §'(w)[K (u)], adk$ = [K, S]. (1.2)



The conjugate operator of an operator between the tangent bundle and the cotangent
bundle is established in terms of the duality between cotangent vectors and tangent vectors.
For example, we may calculate the conjugate operator ®1 : T*(M) — T*(M) of an operator
®:T(M)— T(M) through

< ®M(w)a(u), K(u) >=< a(u),®(u)K(u) >, ac T (M), K € T(M).
If an operator J : T*(M) — T(M) (or © : T(M) — T*(M)) plus its conjugate operator
equals zero, then it is called skew-symmetric.
Definition 1.1 For H € C*°(M), its variational derivative %—ZI € T*(M) is defined by

< %(U),K(U) >=< 5%“),1(@) >= H'(u)[K(u)], K € T(M).

If for v € T*(M) there exists H € C*°(M) so that

H'(u)[K (u)] =< y(u), K (u) >, for all K € T(M),

holds, then v € T*(M) is called a gradient field with a potential H € C*°(M).

A cotangent vector field v € T*(M) is a gradient field iff

(dy) (u) (K (u), S(u))

=<'(u)[K(u)],S(u) >— <~ (u)[S(u)], K(u) >=0, K,S € T(M). (13)

If v € T*(M) is gradient, then its potential H € C°°(M) is given by
1
H(u) = / < y(Au),u > dA.
0

Definition 1.2 A linear operator ® : T(M) — T(M) is called a recursion operator of
u = K(u), K € T(M), if we have for all S € T(M) and u € M

9P (u)
ot

S(u) + @' (u)[K (w)]S(u) — K'(u)[@(u)S(w)] + ®(u)K'(u)[S(u)] = 0. (1.4)

Evidently a recursion operator ® : T(M) — T(M) of u; = K(u) maps symmetries

into new symmetries of u; = K (u).

Definition 1.3 A linear operator ® : T'(M) — T(M) is called a hereditary operator [21]
if the following equality holds
O () [® (u) K (u))S (u) — @ (u) ¥ (u) [K ()] (u)

(1) [ () S ()] K (1) + () (1) [S(w)] K () = 0 (5)

for all vector fields K, S € T(M).



When an evolution equation u; = K (u) possesses a time-independent hereditary re-
cursion operator ®, a hierarchy of vector fields ®"K, n > 0, are all symmetries and
commute with each other. If the conjugate operator ¥ = ®f of the hereditary operator
¢ T(M) — T(M) maps a gradient field v € T*(M) into another gradient field , then
Uy, n >0, are all gradient fields(22) (23],

Definition 1.4 A linear skew-symmetric operator J : T*(M) — T(M) is called a Hamil-
tonian operator if, for all o, B,y € T*(M),

< a, J'(w)[J(w)B]y > +cycle(a, B,7) = 0. (1.6)

The corresponding Poisson bracket is defined by

0H1 0H>

H,, H =< — —

{H1, Ha by (u) =< = (u), J(u) -

A pair of operators J,M : T*(M) — T(M) is called a Hamiltonian pair if J + cM is

always Hamiltonian for any constant c.

(u) >, Hy,Hy € C®(M). (1.7)

When J : T*(M) — T(M) is Hamiltonian, we have22/ [23]

0H, 0H»

O 722 [y Hy € C°(M).

ou ou ), H, Hy (M)

Moreover if J, M : T*(M) — T(M) is a Hamiltonian pair and J is invertible, then & =

MJ7L:T(M)— T(M) is hereditary17).

1)
—{Hy, H =
J&u{ L, Ha} g =1J

Definition 1.5 A linear skew-symmetric operator © : T(M) — T*(M) is called a sym-
plectic operator if, for all K, S,T € T(M),

< K(u),0 (u)[S(w)]T(u) > +cycle(K,S,T) = 0. (1.8)

If ©:T(M) — T*(M) is a symplectic operator, then its second degree tensor field
To € TY(M) may be expressed as
1
To = dy with < v(u), K(u) >:/ < O(Au)Au, K(u) > d\, K € T(M),
0

where dy is defined by (1.3). It is not difficult to prove that the inverse of a symplectic
operator is Hamiltonian if it exists and vice versa.

Definition 1.6 An evolution equation vy = K(u), K € T(M), is called a Hamiltonian
equation if there exists a function H € C*°(M) so that

5H
~(u). (1.9)

It is called a bi-Hamiltonian equation if there exist two functions Hi, Hy € C*°(M) and a
Hamiltonian pair J,M : T*(M) — T(M) so that

ur = K(u) :J(u)%(u):M%(u) (1.10)

u = K(u) = J(u)



There is another kind of Hamiltonian equations, which may be defined by symplec-
tic operators. However, the definition above is more advantageous. For a bi-Hamiltonian
equation above, there exist several beautiful characteristics in the aspects of algebra and

geometry[m] [23) .

In this paper, we shall analyze the perturbation equations of the evolution equation

u = K(u), Ke€T(M) (1.11)
under the perturbation series
N .
an = e, in = (g ni - y)T, N> 1 (1.12)
i=0

and their integrable properties. The paper is organized as follows. In Section 2 we pro-
pose three useful theorems to generate Hereditary operators, Hamiltonian operators and
symplectic operators from the perturbation series (1.12) in a natural and explicit way. We
show in Section 3 that the perturbation (1.12) preserves complete integrability, i.e. we want
to show that the perturbation equations are still integrable equations provided that the
equation under consideration is integrable. In Section 4, we apply the resulting theory to
MKdAV hierarchy and KP equation as illustrative examples. Section 5 contains some con-
cluding remarks, where we give another perturbation series and compare its corresponding

results with those given by (1.12).

2 Hereditary, Hamiltonian or symplectic operators by per-
turbation

We make a perturbation series for any m > 0
m
. ' - T T T\T
um:zglnia Um:(7707771a"'777m) ’ (21)
i=0
where n;, 0 < i < m, are column vectors possessing the same dimension as u. We first ana-

lyze a few properties of tensor fields and then establish three useful theorems to construct
hereditary, Hamiltonian or symplectic operators in terms of a perturbation.

Lemma 2.1 For any X € T7 (M),

OF X () _ O* X (i)
dek ek

i, >k>0. (2.2)

Proof: Let j > ¢ without loss of generality. Then we have

J
. . !
U; = U; + E en.
l=i+1



Further we get
X(ﬁj) - X(a%) + O(gi)a
from which the required equality follows. #
Let us assume for any X € T7 (M)

_ 1 I'X(ay)
TG

(X ()@ (@)

We write

(Per,y, X) (1) = X (i) = (XOT (), XD (@), -, XOT ()T (m 20)  (2.4)

and call per,, X = X, the perturbation tensor field of order m. From Lemma 2.1, we see
that

X (i) = (XOT (), XDT (), -, X T (5,,)T

and hence the perturbation tensor field per,, X = X, has a characteristic: the i-th com-
ponent depends only on 79,71, - -+, n;, not on any 7;, j > i.

Lemma 2.2 For X € T, (M) and S € T(M),
(X" @[S () =((X ) @) @8], i >0, (25)

where S; = (S(O)T, ST L S(i)T)T.
Proof: We first have

(X)) (0)[5] = | X(ai+ 53 Es)

=0 k=0

9| K+ 68(a:) + do(e))
94 |s—0

= X'(4;)[S(15)] + o(€Y).

We apply the equality above to the following Taylor series

) Lok oF X (4 .
x(i) = Y0 5 Ao
k=0 """

e=0

and then get the required equality (2.5). #
Evidently, (2.5) implies that, for X € T7 (M), S € T(M),

(per,,, (X' (w)[S(w)])) () = (Pery, X (im))' (fm) [(Per,S) ()]



Lemma 2.3 Let X € T7(M). The following equalities hold for any vector field Sy =
(S, st,---, ST ¢ T(MN), where S;, 0 <1 < N, are of the same dimension:

aZ‘X({LN) I . a 67' N ol J .
(T e:0> () [Sx] = 5 . NS 0<i< . (2.6)
Proof: First from Taylor series
N i aiv/n
. e 0" X (up) N
X = E — .
(UN) g il Ol - 0(5 ))

On the other hand, we have

(X (an)) (In)[Sn] =

9550

X(an +8Y€78)) = X'(an) Y- €78, ].
j=0

J=0

These two equalities give (2.6) again according to Taylor series. The proof is finished. #

Theorem 2.1 If the operator ® : T(M) — T(M) is hereditary, then the operator ®y :
T(My) — T(My) defined by

(pery®)(in) = S (i)

= [0l = [ T
Hig=o1N [ (i=g)t 0| (N+1)x (N+1)
[ ®(no) 0 ]
o (u
B % zgsN) e=0 (o) (2.7)
1 0Na(iy) 1 o%lin) (1)
| N TeEN | e |e=p ]

s also hereditary.

Proof: Let Ky = (K¢, KT ,---, KI)T, Sy = (ST, 87,---,ST)T € T(My), where K;,S;, 0 <
1 < N, are of the same dimension. It suffices to prove that

Oy (M) [@NEn)Sn — D dly (7n) [KN]Sn

— Dy () [P SN K + Sl () [Sv] K v = 0. (2.8)



First we easily get the i-th element of the vector field dn Ky and the element in the (,7)
position of the matrix & (7x)[Kn]:

- L1 9 Td(ay) ,
((I)NKN)i:jz:%(i_j)! aei—jN :OKjv 0<i<N,
YT 1 OB () o

(@ w)lHnl); = (i —J)! < asH'N 5:o> I

o=
(i —j)! Oei=J

—_

(‘I)/(@N)[% "K)), 0<i,j < N.

Here we use Lemma 2.3 for the calculation of the second equality. Now we can compute
the i-th element of &' (n)[® N Kn]|Sn:

B j;o (2—1J)' 5;:} £=0 Pl égké 11 81{81‘3:(?]\]) s:OKZ}Sj
_ jlo (Z_lj)' 68;:] B & (i) :églkzl (/:k__;) akali(_lffv) y Kl]s,
- ;O A ) gel@(a )+ o(=¥ )i 8

- ossz;K (Z—Jl—l)' g;_ja_ll _ q)’(aN)[q)( )KZ}SJ’ 0<:= N

Also we can compute the i-th element of ®N®y (7in)[Kn]Sn:

(DN Dy (7w [KN])Sn);

i 1 az‘—j@(ﬂN) i 1 oI~k . N l
= Z - - p— CID(’U,N) ZEK[ Sk
o=t 0| 5 U= k)t 020 97|, [zo }
1 9 id(ay) zﬂjj’“ 1 gi—k-1 .
= 2= | () K]S
j_O (Z _j)' Qet=J =0 k=0 ZZO —k— l)' el k=l =0
o-id(ay)| @Ik )
= ZZZ k’—l)! Hei—J 8€j_k_l (I),(UN)[Kl]Sk:
k=0 j=k I= 0 =0 e=0
’L Z k‘ ’L 71— A 7]{77[
0" IP(u o’ .
= ZZ Z ]C—l)' agiEjN) Dei—k—1 ‘I)/(UN)[KZ]Sk
k=0 1=0 j= k+l : =0 =
v ik i—k—1
1 0
=220 | (20w (@) [Ki)S
sz k=D e klso( )




1 aifkfl
= 2 (i —k—1)! 9=kt

0<k+I<i

(@(an)® (an)[Ki]S), 0 <i < N.
e=0

Therefore by the hereditary property of ®, we find that each element in the left side of
(2.8) is zero, which shows that (2.8) holds. #

Theorem 2.2 If the operator J : T*(M) — T(M) is Hamiltonian, then the operator
Jn : T*(My) — T(My) defined by

~

(peryJ)(in) = Jn (i)

. 1 OIN J (i)
= (JN(ﬁN))ij o =7 1 i+j—N
{ L,J7071,~~-,N (i+j—N)! dett e=0d (N+1)x (N+1)
0 J(no)
l 6Jg1ALN)
_ 1! Oe e=0 (2'9)
aJ " dNJ'A
Jim) 4 5| |
1s also Hamiltonian.
Proof: Let ay = (aga Olr:lra e 704]7\1/)717 /BN = (ﬁgv ﬂ?v T 7ﬂ]7\})T’ IN = (’Yg’ V?’ o ,'y]j\})T <

T*(M ~N), where o, Bi,7i, 0 < i < N, are of the same dimension. We only need to prove
that

< an, Jy(n)[INBNAN > +eycle(an, B, An) = 0, (2.10)
because there doesn’t exist any problem on linearity and the skew-symmetric property.
First noting Lemma 2.3, we can compute the element in the (7, j) position of the matrix

T () [InBw):

(I () [N BN

)ﬁk}

L0 ) [ (]
= — — ) €
(i+j— N)! 9eiti—N o N = NENTE
1 8i+j_N N N 1 8k+l_NJ(ﬂN)
= — __ J (ty gl By
(i+j— Nt 9erti=N| _ ( )[g k:%_l (k+1—N)I  Oekti=N | }
1 giti—N ot N - N chHl=N k=N (4
= (2 T N)' 8€i+j—N J/(UN) ZEN k( (k 4+l N)' a€k+l—(NN)
J ' e=0 k=0 I=N—k ’ e=0
L0 an)[S N ) + o]
(i+j— N)! 9eiti-N o =
1 gi+i—N N
= — — J' (1 Nk J(an)B
(i+j—N)! detti=N| _ ( N).kzz:o (i) ’f}




i 1 O @)
= - . - N UN UN )Pk
= i+ — N)L e ti=N|
5 1 O e a)
= . . — JﬁN JﬁNﬁk,OSi,jSN.
_ i k—2N
k=2 (i) (i+7+k—2N)! gettit —o

Therefore we have

< an, Jy((n)[InBnin > +eycle(an, By, In)
1 8i+j+k—2N

N 2N<i+]z£k<3N (i+j+k—2N)! geitith—2N

+cycle(a, By, %‘)) = 0.

(< i, (@) [T () B >
e=0

In the last step, we have utilized the Hamiltonian property of J(u). So the required result
is proved. #

Completely similar to the above two theorems, we can show the following result:

Theorem 2.3 If the operator © : T(M) — T*(M) is symplectic, then the operator O :
T(My) — T*(My) defined by

(pery©)(in) = On(iin)

A 1 9N-i0(iy) ]
{( ( )) ]]20:071,...,N [(N—Z —])' QeN—i= e=04 (N+1)x(N+1)
No(d @ |
% 0 {(?g(NN) L, % 8@({(9;\1) o @(770)
) : : : 2.11
1 Ne(an) : | |
1! OeN e=0
©(no) 0 .

s also symplectic.

We mention that when J and © are invertible and J = ©~!, we have

(peryJ)(in) = ((pery©)(iin)) ",

which shows that the inverse of the perturbation symplectic operator (pery©)(ny) is
Hamiltonian and vice versa. Note that the above new operators have a vector 7y of de-
pendent variables and hence involve ¢(N+1) dependent variables when u is a g-dimensional
vector. The above three theorems also provide us with a method for generating new Hered-
itary, Hamiltonian or symplectic operators from a known one. This is interesting in the

10



soliton theory. In particular, we can put forward the following operators by the first order

perturbation:
N (no) 0
(@1)() = [ & (no)[m] @(no) ] ,
. 0 J (o)
(J1)(m) = [ J(no)  J'(n0)[m] ]
(O1)(n) = [ 9/(537?:7)0[;7 e ] |

Taking the first order perturbation once more, we can obtain a little more complicated

operators:
[ D(10) 0 0 0
A @' (no)[m] ®(10) 0 0
(peryper; ®)(7)3) = @' (o) [12] 0 ' (no)[m] ®(mo) |
| Ftmispgmiin)| @ ()] @ ()] (o)
0 0 0 J(no)
) 0 0 J (o) J'(10)[m]
(peripery J)(@s) = | 5 () 0 J'(n0)[n2] ’
| Jn) T Go)lm] o)) S|
FOlmtepmicin)| e/ (o)) ©'(mo)m] ©(m)
(per;per,©)(n3) = ©'(10) 2] 0 O(mo) 0
©' (o) [m] © (o) 0 0
O(no) 0 0 0

Here we have changed two dependent variables while making the second perturbation. Of
course this kind of perturbation may be done without any stop at finite steps and hence

the resulting operators are full of various algebraic structures.

3 Integrable properties of the perturbation equations

Let us recall the perturbation series (1.12)
N .
uy = Zezni’ ﬁN = (77[1)1777{ o '777%)T7 N>1
=0

For the evolution equation (1.11)

up = K(u), K € T(M),

11



we consider the following N-th order perturbation equation
iy = K(un) +o(eV) or dn; = K(ty) (mod V), (3.1)

which leads to the following equivalent equation

. o 10K (an) .
ne = Kn(Nn), namely n; = = , 0<i<N. (3.2)
2! 88 e=0
In this section, we discuss integrable properties of the perturbation equation (3.2), which
include recursion operators, K-symmetries (i.e. time independent symmetries), master
symmetries, linear representations (Lax representation and zero curvature representation)

and Hamiltonian structures.

Theorem 3.1 Let K € T(M). The operator ®y : T(My) — T(My) determined by (2.7)
is a recursion operator of the perturbation equation fn; = KN(ﬁN) defined by (3.2) when
O : T(M) — T(M) is a recursion operator of uy = K(u). Therefore the perturbation
equation Ny = KN(ﬁN) has a hereditary recursion operator i)N(ﬁN) once uy = K(u) has
a hereditary recursion operator ®(u).

Proof: Let Sy = (S¢,ST,---,sT)T € T(My), where S;, 0 < i < N, are of the same
dimension. By Lemma 2.3, we have

05 (i1 )
Ock

! . k
) () [EN] = o
e=0

N
/ aN) [Z ng(j)}
=0

e=0

o e . vy _ 95 () [K ()]
= — = <k<
gor| V@K +ol) G| 0sksw,
and
)V (A N\ 1o >
(K") (IN)[SN] = T Bel ){28 Sk}
e=0 k=0
i—7 17 (5 .
Z 1 0K (uN)[Sj] 0<i<N
s (1 —4)! Qet=J o

Therefore from the first equality above, we obtain the i-th element of ® (75)[K ]S

NN : 1 0TI (an)[K (n)]S;
(N (MN)[KN]SN); = ]Z_:o (i — j)! Dei—J .

,0<i<N. (3.3)
e=0

From the second equality above, we can compute the following two terms:
(K (n)[@n S));

N e
= 2 ow aeE| (K@)(@xSni)

k=0 ’ e=0

12



L1 gk 1 9 Td(ay)

k
= T T~ o~ 1. K/ 1l j ‘
,;) (i—k)! 9siF| _ (“N)[jz:% (k=g 0t | g
B 1 o=k b O I(iy)
) Jzokzj e 0|, O |
gi—i ck—j oI d(ay)
_ —K'(an)| =7 5
;)kz; 7 e O((k_j)! ( N)[ EEE JD
i 1 9i—i i gk 3k—jq>(@N)
— —_— K/ U ] j
jz:;) (7, — ])| i . (UN) {]; (k _])' 8516—] e S]}
L1 9
— —_— K/ U U
jz:%(i—j)! e » (an)[®(un)S; + o(e7)]
i i~ (T (5 0 ,
j=0 (7’ - ])! det= e=0
(DN Ky (n)[SN]);
_ Z 1 9 k(i) 3 1 "K' (an)[S)]
=k ok | =(k—g) 9k |
_ ZZ 1 O Fe(ay)|  OFIK'(an)[S)]
=Pt G DU N ES N
i i3 (@ (1) " :
_ Z . 1 _ 0 (@(UN)IEIC(UN)[SJ]) ,0<i<N. (35)
§=0 (Z - .7)' et e=0

Now in virtue of these three equalities above (3.3), (3.4) and (3.5), we easily see that

oD N

5 —= Sy + Oy () [Kn] SN — Ky (in)[@nSn] + Sn Ky (7n)[Sn] = 0,

which implies that o ~(7n) is a recursion operator of Ny = K ~. A combination with
Theorem 2.1 gives the proof of the second conclusion. #

Theorem 3.2 Let K,S € T(M). The following relation between the perturbation vector
fields KN and S’N exists

~

[Kn(in), Sv(in)] = (Kn) (i) [Sn (7)) = (Sv) (i) [B v ()] = Tv (i), (3.6)

where T (fn) is the perturbation vector field of the vector field T = [K,S] € T(M).
Therefore

(1) if o € T(M) is an n-th order master-symmetry of the equation uy = K(u), then 6y =
(J(O)T,U(I)T, o, o MNTT ¢ T(MN) is an n-th order master-symmetry of the perturbation

equation Ny = KN(ﬁN);

13



(2) the perturbation equation Nyt = KN(UN) possesses the same symmetry algebra struc-

ture as the original equation uy = K(u).

Proof: By Lemma 2.2, we see for the i-th element that

(T @) = (K (@)[S @) @) = (' @)K @) )
= (K ()™) @015 = ((S) ) (@) K]
= (Ky(w)[Sx]); = (Sy (i) [Kn])i, 0<i < N,

which shows that (3.6) holds. The rest of the proof is obvious. #

The relation (3.6) implies that the perturbation series (1.12) keeps Lie product of

vector fields invariant.

Theorem 3.3 Let K € T(M). When the evolution equation u; = K(u) has a Lax repre-
sentation (L(u))y = [A(u), L(u)] where L and A are two matrix differential operators, the
N-th order perturbation equation Nyt = KN(ﬁN) has the following Lax representation

(Ln(in))e = [An(in), L (3w))], (3.7)

where the spectral operator Ly and the Lax operator Ay read as

(pery L)(n) = Ly (fn)
= @)y, l S ]
i ij=0,1,-,N (=g 07 | _, (N+1)x(N+1)
I 6L(770) 0
L4
| o
8NL'12 . OL(1 .
(pernA)(in) = An (fin)
. 1 07 A(an)
= [(AN(IN))is|. = l S i
{ JLJ:O,L...,N (i —j)!  Oet=J c=0J (N+1)x (N+1)
af((no)) 0
1 un
_ ™09 |.— A(mo) (3.9)
N :a u
%a ;;(NN) R %'LN) A(no)

Proof: We first note that
ane = K(an) +o(eV),

14



and thus we have

ak
dek

((L@w))e = [Afin), L(an)]) =0, 0 <k < N. (3.10)
e=0

Let now us compute the elements of the differential operator matrix [fl N, L ~|. Evidently,
we know that [A N, L ~/| is lower triangular, that is,

([An,Ln))ij=0,0<i<j<N.
On the other hand, when 0 < j <7 < N, we can compute

L1 9 FA(ay)

PR 1 6k7jL(’LALN)
(AnLn)i = Z(z’—k)! Dei—F

—q k—j
o (=gt Ok

k=j e=0
. Z o kA(’LLN) 8k‘jL(ﬁN)
T (i—j) Oet—k o Ock—i 0
_ 1 62 ]A(ﬁN)L(ﬁN)
(i — ) Ogi—J o
In the same way, we obtain
;o4 1 "I L(ay)A(ay)
LyApN)i; = —
R A T A = B
Therefore we have
P 1 O IA(an), L(an)] .
AN, LN))ij = 7+ — ; 0<4,5 <N.
([ N> N])] (Z—])' Oei—J . 1,

Now we easily find that (3.7) is true due to (3.10). #

Note that the spectral operator Ly and the hereditary recursion operator dx have
the same form of matrix. In fact, we can take the hereditary recursion operators as the
spectral ones. More precisely, u; = K (u) has a Lax representation ®; = [®, K'] where ®
and K’ are a recursion operator and the Gateaux derivative operator of K, respectively

24) )

(see [24)). The following result for the case of zero curvature representation may also be

shown. Its proof is omitted due to the completely similar deduction.

Theorem 3.4 Let K € T(M). When the evolution equation u; = K(u) has a zero cur-
vature representation (U(u)): — (V(u))z + [U(u), V(u)] = 0 where U and V' are two ma-
triz differential (sometimes multiplication) operators, the N-th order perturbation equation

NNt = KN(ﬁN) has the following zero curvature representation

(Un(n))t = (Un(IN))e + [UN (n), VN (in)] = 0, (3.11)



where the two matrix differential operators Un and Vy are of the form

A

(pernU) () = Un(NN)

. 1 979U (aN)
= |(Un(0N))ij] . . :l T i—j
[ JL,J=071,~7N (i =7 0Oe e=0J (N+1)x (N+1)
[ Uln) 0]
aU (a
| rTEELL, U (312)
NU (@ U
bl e, oo
(pery V) (in) = Vv (i)
. 1 979V (ay)
= |(VN(INn))s] = [ i i—j ]
[ JLJ:o,L...,N (i—7) OeJ e=0J (N+1)x (N+1)
[ V(o) 0 ]
oV (i
| e, Vim) (3.13)
NV (a U
L %6 g/e(NN) e=0 %BvéeN) e=0 Vimo) .

Theorem 3.5 Let K € T(M). If the equation u; = K(u) possesses a Hamiltonian struc-

ture

d0H (u)

ou -’
where J : T*(M) — T(M) is a Hamiltonian operator and H € C*°(M) is a Hamiltonian
function, then the perturbation equation fin; = Kn(fin) also possesses a Hamiltonian

up = K(u) = J(u)

structure R
. 5 s OHN(N
ine = Kn () = JN(TIN)(SA(U), (3.14)

1IN

where the Hamiltonian operator Jy(fn) is given by (2.9) and the Hamiltonian function

Hy € C®°(My) is determined by

. R 1 ONH(ay)
(pery H)(iin) = Hn(iv) = 757 — 5N N (3.15)
The corresponding Poisson bracket has the property
. . . 1 oN . 0
{Hiv, Hondj, (i) = 5 5oy | {Hy, Hepy(aw), Hy, Ha € C%(M). (3.16)
’ e=0

16



A

Furthermore the perturbation equation nyy = Ky (fn) possesses a multi-Hamiltonian

structure
. b . SHin(h . SHN(
fine = Kn(fn) = JlN(nN)M == JmN(nN)M,
677N 577]\7

once uy = K(u) possesses an analogous multi-Hamiltonian structure

B B 0Hy(u) 0H, (u)
up = K(u) = J1(u) Su = =Jn(u) Su
Proof: Let 7 = %—IZ € T*(M). Then we have
- 1 9"J(an)y(an)
it =3 det
e=0
-3 J(4 iny (i
Z L0 y)| ()| gy
(i —j) Oe Ol
= e=0
Thus we get
ine = Kn(n) = In(n)AN (n), (3.17)
where the cotangent vector field 4y € T (M ~) reads as
A 1 8N T UN 1 8N_1’)/T UnN 1 a’yT uN T
’YN(WN):< , J(V ) TN N_(l ) 7# ,VT(no)) :
N! Oe o, (V=1 Oe —o 1! Oe
(3.18)

We hope that the cotangent vector field 4y is a gradient field. If so, the potential function
should be the following

A~

1
An(in) = /O < An(Min), x> dA

/\
e=0
Loy ! 1 OV H(iy)
= = A r = — LN
NI 92N | /0 <)y = A= T

Actually, the cotangent vector field 4y is a gradient field. We can show that

. OHN(iN)

AN (n) = 5y (3.19)

According to the definition of the variational derivative, we have for any S; € T'(M(n;))

0 (1 9VH(iy) 1 OVH(ay)|
o (N1 e 5:(]) Silm) >= (7 (%NNE:O) (n)[S:(m:)]
N . N—i
= % ;EN ) H'(ay)[e'Si(m:)] = (Nl_i)! ;N_Z. E:OH’(aN)[si(m)]

17



1 aNfi
_ 4 N—i

(N —1)! Oe —o

< 1 8N717<be)
(N —i)!  9eN—i

,Si(n;) >, 0<i<N.
e=0

This shows that (3.19) holds, indeed. Therefore (3.17) is a Hamiltonian equation.

Let us now prove the property (3.16). Let v = %,72 = 65% € T*(M). In virtue of

(3.19), we can compute that

SHin (n)

SHon (7
v 2N () -
dNN

0NN
DD —
’ (i+j—N)!

e=0 j=N—1i
1 8N_j Y2 (ﬂN)
g (N=)t 0eNTd

{Hin, Hon'}j () =< , IN(7N)
N

_ i< 1 9Ny (ay)
— (N—iq)! 9eN—i

8i+j_NJ(fLN)
Oett+i—N

>
e=0
1 9'(J(an)y2(an))
o " 4! Oet
1o
T N! 9eN

< 1 8N_i’yl (fLN)
(N =4l 9eN—
6N

>
e=0

{Hl, HQ}J(@N).
e=0

N
i=0
1

<m(an), J(an)ye(in) >
e=0

N! 9N
It follows that the equality (3.16) is true.

Further noting the concrete form of new Hamiltonian operators, a multi-Hamiltonian
structure may readily be established for the perturbation equation. The proof is completed.

#

We should note that two important formulas: (3.15) and (3.18). (3.15) provides a
explicit formula for computing constants of motion of the N-th perturbation equations
and (3.18) gives rise to an expression of perturbation cotangent vector fields.

4 Applications to integrable equations

4.1 MKAV hierarchy

We first consider the following MKdV hierarchy[%]

0H,
Ut,, = n = Qpny = J‘I/nao =J 5un, n 2 0, (41)

with

1o 1 bni1 — Cat1
e —_ —— - - @@= >
J =20, ¥(u) 48 +ud”  ud, Hp(u) 22nt1) n >0,

18



where a;, b;, ¢;, © > 0, are recursively defined by
ap = u, b0:17 co = —1,
ai+1 = Va;, i >0,
bit1 = 3aip + 0 'uda;, i >0,
Cit1 = %am — 0 uda;, i >0,

and 007! = 9719 = 1. The first equation is exactly the MKdV equation

1 3
Utl = —Zumxc —+ §U2U/$. (42)
Its inverse scattering transform was first studied by Wadatil26]. The MKdV hierarchy (4.1)

possesses zero curvature representations[%}

Uy, — V™ +[U,v™] =0, n>0, (4.3)
with

U =

1 —u (AV)y —(aAm)y |7

Here the plus symbol + stands for the choice of non-negative power of A and
a=>Y aA ", b= bAT, c=> AT
i=0 i=0 i=0

Applying the integrable theory in Sec. 3, we can obtain infinitely many new heredi-
tary operators pery, pery, ---pery ®, Ni, No -+, Ny, > 1, starting from the hereditary
operator of the MKdV hierarchy

1
o= = —182 + oud .

We easily find that some explicit expressions:

) . 1 1 =

(pery®)(in) = diag( =7 0%, -+, =20% )+ | > Omd lm—j—k]
0 k=0 (N+1)x (N+1)
—i@Q + 87708‘1770 0 |

B Onpd ™1 + O o~ g
Shlo 00 v o Oned i 4+ Omo g —19% 4+ Onod o |
(per;per; ®)(n) =

— 507 + Onod o 0 0 0
OOt + Omo~ g —50% + Oned g 0 0
Anod g + 20~ g 0 — 307 + Onpd o 0

S0 OO s Onedine + 00ty Onod "ty + Omotny  —10% + Ined o
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where 1 = (10, 11,72, 13)" . It needs a large amount of calculation if we directly prove the
hereditariness of the above two operators.

The N-th order perturbation equation of u;, = K, reads as
N, = (pery Kn)(n) = (pery @) () (pery Kn—1)(7n) = ((perny®)(7In)) ine,  (4.5)
among which is the N-th order perturbation equation of the MKdV equation (4.2)

1 i l
Mty = =30+ Y Y OmO T it
1=0 k=0
1 3 .
= _Znixmc + 5 Z NizMk, 0<i<N. (46)
Jtk+l=i
0<jkl<i

The resulting local evolution equations defined by (4.5) are all integrable soliton ones for
any n, N > 1. They all have zero curvature representations

((PeryU) (03 ))e, = (pery V) (w))e + [ (peryU) (i), (pery V) (in) ] = 0,

and bi-Hamiltonian formulations

R . O(peryHy) (NN . o(peryHp—1) (NN
e, = (pery ) i) RN e )y ) SR -]
OnN OnN
where the Hamiltonian operator M = JL = —%83 + Oud~'ud. Therefore they possess

infinitely many common symmetries peryK,,, m > 0, and infinitely many common con-
stants of motion peryH,,, m > 0. In particular, for the N-th perturbation equation (4.6)
of the MKdV equation (4.2) we can get the following explicit results: two Hamiltonian

functions

1Y
(pern Ho) () = ) Z N5TIN—j5
§=0

N N
. 1 1
(pery H1)(n) = =15 > IN—jea + 2 > NjaINja
j=0 j=0
1
+3 > Mis Mo s M
ji+je+js+ja=N
0 < 1,72, j3,5a < N

a Hamiltonian pair
(perN‘])(ﬁN) = dlag( 87 85 ) 8)5
—_——

N1
[ 0 —i83 + 87708_17708 1
: OO 10
(pery M) (i) — > k=0 OO~ "Mk ;
| =103+ o0 0 g OO im0 o Yl OO 10 |
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and a pair of Lax operators

Ao 0 By 0
X A A X By By
(peryU)(v) = | . . . ey VW) (w) = | . :
AN s A1 AO BN tee Bl BO

where the operators A;, B;, 0 <i < N, are given by

A o
N

U imm + %Z g1+ja+gs=i 17525 SioA? + %(77@2 + Zé':o NiMi—j)A
0<j1,72,58 <4
—0i0A + 5 (Miw — 5= Mini—) A+ Miwe = 50 ot et —i T

0<j1,752,43 <t

In addition, we can generate a T-symmetry algebra[27] of the perturbation equation (4.5)
by a perturbation of 7-symmetries of w;, = K,. Moreover we may also consider the
nonlinearization problem of the Lax systems

~

Oz = (peryU)(AN)oN, D, = (pery V™) (in) o,

similar to Ref. [25].

4.2 Kadomtsev-Petviashvili equation

Let us now consider the Kadomtsev-Petviashvili equation
up = K(u) = K3(u) = 8;1uyy — Ugpa — OUUL. (4.7)
It has Lax pair

—%%+%+wAw:&@%V%%—%%—wihmﬁl (4.8)

and time independent symmetries

3
K = 5“907 Ky = Uy K, = [anl,T], n > 2,

L(u) =

where 7 = yK3 + xuy + 38 u, and further the k-th order master symmetry (see for
example Ref. [28])

B =it ) L = adi ad, - adg, MY G k>

11424415

Therefore the KP equation (4.7) possesses the following time polynomial dependent sym-

metries
k tl

k41

t 1_(k)
ZT (adk) 7™, 2112 i ZT adK 1112 T Jik =1,
=0 i =0 i
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which contain the symmetries with the forms % *) and 2 50 Z(fZ)Q .

The corresponding perturbation equation fy; = KN becomes

7
Nit = 63;_1772'3,/3; — Nigax — 6 anni—j,xa 0<¢<N. (4'9)
j=0
Following the general theory in Sec. 3, (4.9) is also an integrable equation in 2 4+ 1 dimen-
sions. For example, it has Lax pair (f/ (in))e = [An(in), Ly ()], where the spectral
operator Ly and the Lax operator A read as

[ %81, + 02 +no | 0
m ﬁay + 8% + o
-Z/N - )
i N m 50+ 0%+
[ A(mo) 0 ]

3i0; 'y — 3me — 6m0y  A(no)
An =

L 31'3;1771\@ — 3NNe — 6NN Oy T 3i8;1771y — 3z — 6mo:  A(no) ]

Moreover (4.9) has the k-th order master symmetry

perNT(k) = (yk71707' : '70)T7 k 2 17
N

and thus possesses time polynomial dependent symmetries

k4
t
perNa E il adperN perNT( ), k>1,
1=0

and
t! *)

k k
(k) —!(adperN )perN vy g k> 1.

PeINT; iy.i; =

M=

l

Il
=)

29]

Although the KP equation has no regular recursion operator*”, we may also construct

a bi-Hamiltonian formulation of (4.9) through the perturbation of the bi-Hamiltonian
onel3V). But here we omitted the discussion because of the complicated notation.

Let us now take another form of the Kadomtsev-Petviashvili equation
Uzt = O KK = Uyy — (Ugaz + OUUL) 2. (4.10)

Evidently its solutions include all solutions of the Kadomtsev-Petviashvili equation (4.7)
and hence it is a little more general than (4.7). We are about to see that there exists a
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different symmetry property between (4.7) and (4.10). Now the corresponding linearized
equation to (4.10) is as follows

oyt = 0p(K'[0]) = yyo — Of0 — 60%(uc). (4.11)
One may directly prove that (4.10) possesses the following three time dependent symme-
tries
1
oW(f) = =G it fus, (4.12)
1 1
o?(f) = _Eftt?/ + §ftyux + fuy, (4.13)
1 1 1
o (f) = _%fttty2 + ftt(ngUx - ESC)
2 2 1
+ft(§u + YUy + gmux) + fuy, (4.14)

with an arbitrary function f of ¢, each of which is not any symmetry of (4.7) while fy #
0, fut # 0 or fuse # 0 respectively. Those kinds of symmetry are first introduced in Ref.
[31]. In fact, there is a rule to generate these symmetries. For example,

1 1 1
(2) - = - _ -
0O (f) = — s fuy + K, —5y] + S (K~ ]l
We can also construct new vector fields
n dn—i )
o (f) = dtn,{(adx)ly”“, n> 4. (4.15)
i=0

But in these vector fields, there exist nonlinear terms involving u, or u etc., which can’t

be balanced in the linearized equation (4.11). Therefore (4.15) are not any symmetries of

(4.10). The symmetries determined by (4.12), (4.13) and (4.14) constitute a Lie algebra
e (). (g) ] =0,
[0(2)(f)a‘7(2)(9) ] = U(l)(%fgt - %ftg),
@ (f). o® =3 _
[ (f)? (g)] (fgt ftg)7 (4.16)
o). 0P (g)] =0,
eV ()0 (9) ] =W (5 f9: — frg),
[e®(),0P(9) ] =P (G fg: — frg),

where f, g are two functions of t. Note that the second commutator relation is somewhat
different from one given in Ref. [32]. But if we choose 6 (f) = 20 (f), then the
two algebras are the same. The above symmetry algebra contains the following three
subalgebras {cM(f), @ ()}, {e@ ()} and {eD(f), @ (f), ¢® (1) = u;}. The last

subalgebra has the simple commutator relations
[Ut,U(l)(f)] = U(l)(ft), [Ut,U(Z)(f)] = 0(2)(ft)'
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It is easy to see that the N-th order perturbation equation of (4.10)

)
Nixt = Niyy — (Thxmc +6 Z njnifj,:p)xa 0<i:<N (417)
=0

has also the similar symmetry property. More precisely, it possesses the following time
dependent symmetries with an arbitrary function of ¢

per oM (f) = (=3 fe + fnoe, fmes -+ fna) 7,
peryo ) (f) = (= fuy + 3 fymow + Frogs 3 feyme + Fiinys -+ 3 feynne + fing) s
peryo® (f) = (= fut® + fulgy?noz — =) + fi(3n0 + 2ynoy + zm0s) + frioes

S (§yPma — 5%) + fr(3m + Symy + 2amae) + foue,
o fa(RYPNe — 152) + [ (BN + Synny + sanng) + o) T

which constitute the same infinite dimensional symmetry algebra as (4.16). In fact, the
equation (4.17) has the same integrable property as (4.10). It is an interesting problem how
to construct integrable equations which possess certain symmetries involving an arbitrary
function of time variable.

It is well known that the evolution equation does not have a similar property, i.e. it
doesn’t possess[33] the following symmetries involving an arbitrary function f of the time

variable " ,
d’n*’Lf
i=0
where S;, 0 <1 < n, do not depend explicitly on the time variable. In general, it possesses
time polynomial dependent symmetries generated by its master symmetries[?’lu. Therefore

(4.7) and (4.10) have different symmetry algebras.

5 Concluding remarks

We may also make another perturbation series
N 5i
N = 2 5&’ (5.1)
1=

similar to the perturbation series (1.12). This moment, the corresponding perturbation
equation reads as

éNt :KN(€N>7 EN = (58175{7"'7617\})717 (52)
where the perturbation vector field is of the form
OKT (uy)
Oe

ONKT (i)

e ~
—o Oe

Kn(én) = (K7 (%),
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In an analogous way, we can generate another new hereditary operator

B (En) = [() 9~/ 2(i)

B (5.3)

501 §,j=0,1,-+,N

from a known hereditary operator ®(u), and ®x(£y) is a recursion operator of (5.2)
provided that ®(u) is a recursion operator of the original equation u; = K (u). From the
expression above, we see that the formation of the perturbation equation under the pertur-
bation series (5.1) is simpler but the corresponding recursion operator is more complicated
than ones under (1.12). However there exists an intimate relation between two kinds of
perturbations because we have a Miura transformation

1

For example, the operator ®y (f ~) may be generated by a transformation

Dy (En) = EX by (in) (25};)71
1

1! 1! (5.5)

In fact, we can similarly obtain any new tensors by means of the Miura transformation

(5.4). For instance, a new Hamiltonian operator may be engendered by

: s\ T
. OEN - 0
e = Gotntin) () -

ilj! OI=N J(uy)
(i+j—N)!  Qeiti—N

(5.6)

z—:=0‘| i,j=0,1,--,N

We remark that by the resulting perturbation equations in Sec. 3, we can generate
approximate solutions of the original equations to a precision o(¢"). This is different from
the construction of the 7 functions in bilinear formation, where the expansion series holds
exactly for any order precision. It is also of interest to note that the perturbation equations
are all integrable coupling with the original equations and the original ones always appear
in the first position. Therefore our integrable theory provides an approach for constructing
integrable coupling of soliton equations and enriches the intention of perturbation bundle
established in Ref. [18]. However it is still a problem deserving of investigation how to
construct more general integrable coupling by perturbation.
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