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Abstract

The bi-Hamiltonian structure is established for the perturbation
equations of KdV hierarchy and thus the perturbation equations them-
selves provide also examples among typical soliton equations. Besides,
a more general bi-Hamiltonian integrable hierarchy is proposed and
a remark is given for a generalization of the resulting perturbation
equations to 1 + 2 dimensions.

Perturbation theory is the study of the effects of small disturbances. Its
basic idea is to find approximate solutions to a concrete problem by exploiting
the presence of a small dimesionless parameter. There have been a lot of
works to investigate the perturbated soliton equations (see for example [1]
[2] and references therein). Tamizhmani and Lakshmanan have considered a
perturbation effect of the unperturbated KdV equation and they have given
rise to infinitely many Lie-Backlund symmetries and a Hamiltonian structure
for the resulting equations in Ref. [3]. However they haven’t obtained the
corresponding bi-Hamiltonian formulation.

In this letter, we would like to discuss the perturbation equations of the
unperturbated whole KdV hierarchy, i.e. the effect of the disturbance around
solutions of the following original KdV hierarchy

d
ug, = D" (U)uy, P(u) =0+ 2u,07 " +4u, 0= il > 1. (1)

The first equation is exactly the usual KdV equation
Uy = Uggy + 6uuz7 (2)

which describes the unidirectional propagation of long waves of small ampli-
tude and has a broad of applications in a number of physical contexts such as
hydromagnetic waves, stratified internal waves, ion-acoustic waves, plasma
physics and lattice dynamics (for details see, for example, [4] [5]). The op-
erator ®(u) is a common hereditary recursion operator for the whole KdV
hierarchy. We shall show that all of the resulting perturbation equations pos-
sess a bi-Hamiltonian structure and thus they constitute a typical integrable



soliton hierarchy. We shall also point out a mistake on the Hamiltonian for-
mulation in Ref. [3]. Finally, a more general bi-Hamiltonian integrable soliton
hierarchy is established and some further discussion is presented.

We first consider the case of KdV equation (2) and then consider the
case of higher order KdV equations. Let us make a perturbation expansion

N
U= nigiv 771:771'<x7t17t27"')7 N > 17 (3)
i=0
and call the equation
= (@)t + 0(eN) = tiygy + 60, + o(eV), (4)

the N-th order perturbation equation of KdV equation (2). It is easy to find
that

N
() = ®(n;)e", ®(n;) = 6:00” + 210 +4n;, 0 < i < N,
=0

where 0,9 is the Kronecker’s symbol. Therefore the N-th order perturbation
equation (4) may be rewritten as

iy, = (Z(:) (ID(m)ei) (Z(:) mxei) (mod V1.

A balance of the coefficients of like powers of € leads to the following equiv-
alent equation

M = (e, 0= (no s+ nw)"s (5)
where the operator ®(n) reads as
®(10) 0
b=dp)= | T ~ Q
B() - Blm) D)

By its first component of (5), we see that the perturbation expansion (3) is
an expansion around an exact solution 7y of KdV equation (2). Moreover @
is an approximate solution of KdV equation (2) to a precision o(¢") when n
satisfies (5). However our aim here is not to get some approximate solutions.
What we want to discuss is some algebraic structures that the perturbation
equations possess.

Let us introduce two differential operators

0 J(1o) 0 0
N o= ‘ 5 J(??l) J= : 0 (7)
) T(m) - T o 0
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with J(n;) = ;00 + 2mi, +41;0, 0 < i < N. Note that the operator M+aJ
is a Hamiltonian operator for any constant « (see for example Ref. [6]) and
that ) o S

() =MJ ™, JU =], U= P*
where the asterisk appended to d denotes the conjugate operation. There-

fore J, M constitute a Hamiltonian pair and further the operator ®(n) is
hereditary [7],[8].

We are now in the position to construct a bi-Hamiltonian structure [9]
[10] for the perturbation equation (5). We first have the first Hamiltonian
structure

N
——, Ho=Ho(n) = = ninn—i. (8)
i=0

N —

Second noting that
U () = () = 0;00” + 2m; + 207 'm0, 0 < i < N,

we can compute

U(no) (m) - Y(nw) nj]vfil
Al = B0 = v ||
Ui L

0 ) || g |

77N1’x+32 H_J:ON niN;
0 =2
IN-1aa + 32 iti=N-1 niN; 0H,
) —

= ] 2 =

: o
Nozx + 3778
where the Hamiltonian function H; is defined by
1 1
Hy, = / < fi(An),n > dA = 5 Z NiMjzz + Z 570k -
0 2 = L
i+j=N i+j+k=N
6,5 >0 i g k>0

Here and hereafter < -,- > stands for the standard inner on RV*!. The above
analysis allows us to conclude that the perturbation equation (5) possesses
a bi-Hamiltonian structure

My = Sy = J—— = M——. (9)



When N =1, N =2, the perturbation equation (5) becomes

[ Mo ‘| — [ Nozza + 67707]Oz
t1

™m Maze T+ 6(770771)$ ,
Mo Nozzx + 67707701’
m == Mazzz + 6(770771):1: s

M |, L M2eas + 6mme + 6(10m2)a

respectively. These two equations are all integrable coupling ones with KdV
equation. Integrable coupling is an interesting subject in soliton theory [11].
Note that the second equation may be reduced to the first one if we take
m= 0.

For the case of higher order KdV equations, by induction we can engender
the following equivalent equation

My = (M), = "), (n > 1) (10)

to the N-th order perturbation equation of the n-th KdV equation
Gy, = O"(0)hy + o(eN), (11)

namely,

N N

iy, = O™ (1)1, E(Z @(ni)5i> (thn_lei> (mod V1.

=0 1=0

According to the bi-Hamiltonian theory (for a detailed description see [12],
[13] and [14]), we know the vectors W™(n)%o n > 1, are all gradient vectors

on
because \11(77)% is a gradient vector and ¥* = @ is hereditary. Therefore

there exist functions H,, so that
0Hy, O0H,

—_— = > 1.
on 5n’n_

Fu(n) = 0" ()

Moreover the Hamiltonian functions can be computed by

1
H, = H,(n) = /O < faO0n), 0 > dA.

Therefore we see that the perturbation equation (10) of the n-th KdV equa-
tion in the hierarchy (1) possesses a bi-Hamiltonian structure

. OH, -~ 6H,
=" (n)n, = J — M .
Nt (m)n 5 o

(12)



In fact, the perturbation equation (10) has a multi-Hamiltonian structure

SH, . .. §H,
= ... = Jgyn—°Y
on on on’

where .J \i/i, 0 < i < n, are all Hamiltonian operators and constitute Hamil-
tonian pairs with each other. It is also interesting to note the hereditary
operator ®"(n) has the following concrete form

A 0

S A ’

o () =| 7 )
AN Al AO

where the operator A;, 0 < j < N, are determined by

Aj = > O(n;,) - B(mi,), 0<j < N.
i1+"'+in:j
i1, 1y >0

Unlike the hereditary operator for the Kepler system [15], the above heredi-
tary operator can generate new independent constants of motion H,, from a
starting one H,.

By now, we have proposed a bi-Hamiltonian structure for the perturba-
tion equations of the whole KdV hierarchy. This bi-Hamiltonian structure
yields infinitely many symmetries and infinitely many corresponding con-
stants of motion in involution for every perturbation equation and thus the
perturbation equations of KdV hierarchy provide a typical hierarchy of soli-
ton equations. It is worth noting that the algebraic structures of the first
order perturbation equations may also be well described by the perturbation
bundle [11] and cotangent bundle [16].

We remark that some cases, especially N = 1, for KdV equation (2) has
in detail been considered in Ref.[3]. But they only described a Hamiltonian
structure. Moreover that Hamiltonian structure is not suitable for the per-
turbation equations of KdV equation, which leads to some confusion of the
symbols. For example, in the case of N = 1, we cannot write

o[ 0]smy
ml_@h_[o 5’]577'

Actually, there doesn’t exist this kind of Hamiltonian function H{, because
(Nowz + 312, Mize + 6momy)T is not a gradient vector. However this is a small
problem, which is easily changed to the correct version mentioned above.



There also exists a more general result than the bi-Hamiltonian structure
(12). Let as, 1 < s<p, by, ¢c5, 1 <s5<4q,ds, 1 <s <r, are arbitrary real
constants, and kg, 1 < s < p, I, 1 < s <gq, mg, 1 <s < r, are distinct
non-negative integers not greater than N. We further choose that J = J and

0 {(770)
M = T (13)
j(no) j(m) T j(UN)

where the operator J (n;), 0 <i < N, are defined by

N P q T
J(Th) = Z aséiksag -+ Z(bséilﬁ?’ + 0852-138) + Z dséimsﬁ

s=1 s=1 s=1

20y 4 40, 0 <i< N. (14)

Note that (14) means we choose

!

(M) = @50 + 2np, 0 + 410, 1 < 5 < p,
J(m,) = bs0® + ¢,0 + 2y, , + 4,0, 1 < s < g,
(

J(

e

Nny) = dsO + 20, 2 + 40,0, 1 < s <1,
J(m:) = 2050 + 400, i¢ {ks, 1<s<p; I, 1<s<q m,, 1<s<m}

The differential operatqrs~j and M are still a Hamiltonian pair [6] and hence
the operator ®(n) = MJ~! is a hereditary symmetry operator. This leads
to the following hierarchy of integrable equations which possesses a more
general bi-Hamiltonian structure
- -0H,
" J

- 0H,
,r]tn:@ 77$: :M !

on on

,n>1 (15)

with the Hamiltonian functions defined by

~ 1 -
i, = H,(n) = / < (®™n,) (M), > dA, n > 0,
0
in which ]:Io and H; read as
- 1N
Hy= Hy = 2 Znianh
i=0

~ 12
H, = 5 Z Qs Z NiNjaz
s=1

i+j=N—ks
,j 20



1
+5 Z(bs > Niljzs + Cs > nmj)
s=1 i+j=N—1s i+j=N-—1I
4,720 i,j >0
1 T
+52de X mmit X Mk
s=1 i+j=N—ms i+j+k=N
i,7>0 iyj,k >0

Evidently, (12) is a special case of the hierarchy (15), one reduction with
kiy=0anda; =1, as=0, s#1,b;=c, =d, =0, Vs.

We point out that our method can also be applied to discussing the forced
integrable systems [17]. It is sufficient to further make the perturbation of
value boundary conditions and then we can get new forced integrable systems.
The resulting forced systems can be solved by the same approach as the one
in the original forced integrable systems [17]. However in the present letter,
we haven’t considered this kind of interesting problems due to the limited
space.

Finally, we suggest that it may be more fruitful to think of the pertur-
bation expansion % as depending on two independent space variables, x and
Yy = e, i.e.

N
ﬂzzni<x?y7tlat27"')€z7 Yy =ecx. (16)
=0

This kind of expansions comes from the perturbation method of multiple
scales [18] and the variable y is called a slow variable. The perturbation
method of multiple scales for time variable has been applied to the study of
perturbated soliton equations (see for instance [2]) and the study of solutions
to soliton equations (see for instance [19]). Under the expansion (16), we have

a_0, 0
dr  Ox gay'

Therefore from the N-th order perturbation equation of KdV equation (2),
we can similarly obtain the following equation in 1 4 2 dimensions

Not; = Nozza + 67070z
Mty = NMazx + 3770xxy + 6(770771)x + 67707703/’
Mot = MNozzx + 3771:1:1:3/ + 377036yy + 6(770772)x + 677177196 + 6(770771)1/7
Nits = Mjawz + 3Nj—1zey T 3Nj—2.29y T N34y
+6( ST mimyie + S0 Minj-i1y), 3< G < N

This is a generalization of the perturbation equations of KdV hierarchy. How-
ever, we don’t know the complete answer on the integrability of the above
equation, even in the case N = 1 where the above equation reads as

Not; = Nozzz + 6M0M0z,
Mty = NMaax + 3770:Bxy + 6(7707]1)1 + 67707703,/'
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This equation is also a coupling one with KdV equation. If integrable, it
provides us an another example which gives an integrable coupling equation
with KdV equation.
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